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Abstract. From the viewpoint of higher dimensional Auslander-Reiten theory, we introduce a 
new class of finite dimensional algebras of global dimension n, which we call n-representation 
infinite. They are a certain analog of representation infinite hereditary algebras, and we study 
three important classes of modules: n-preprojective, n-preinjective and n-regular modules. We 
observe that their homological behaviour is quite interesting. For instance they provide first 
examples of algebras having infinite Ext 1 -orthogonal families of modules. Moreover we give 
general constructions of n-representation infinite algebras. 

Applying Minamoto's theory on Fano algebras in non-commutative algebraic geometry, we 
describe the category of n-regular modules in terms of the corresponding preprojective algebra. 
Then we introduce n-representation tame algebras, and show that the category of n-regular 
modules decomposes into the categories of finite dimensional modules over localizations of the 
preprojective algebra. This generalizes the classical description of regular modules over tame 
hereditary algebras. As an application, we show that the representation dimension of an n- 
representation tame algebra is at least n + 2. 
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1. Introduction 

The notion of global dimension gives an important measure in representation theory of algebras: 
Algebras of global dimension zero are semisimple, and their representation theory is trivial in the 
sense that any module is a direct sum of simple modules. Algebras of global dimension one are 
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path algebras of quivers, and their representation theory has been one of the central subjects in 
modern representation theory. Unfortunately it seems to be quite hard to develop general theory 
for algebras of higher global dimension though there are a number of important classes for which 
more is known. This means that we need to restrict our consideration to some special classes to 
get a fruitful theory. 

From the viewpoint of higher dimensional Auslander-Reiten theory, a distinguished class of finite 
dimensional algebras of global dimension n, called n-representation finite algebras, has been studied 
[Hill IHI21 ITT1 IP4l HO 1 1 1102] . They have an n-cluster tilting subcategory with an additive generator, 
whose structure is controled by the higher Auslander-Reiten translations r„ : mod A — > mod A and 
v n : D b (mod A) — > D b (mod A). They are characterized as follows: An algebra of global dimension 
n is n-representation finite if and only if for any indecomposable projective module P, there exists 
lp > such that v~ lp (P) is indecomposable injective [1021 Theorem 3.1]. Thus for n — 1 the 
notion of 1-representation finite algebras coincides with the classical notion of representation finite 
hereditary algebras. 

Since in classical theory one has representation infinite algebras as natural counterpart to rep- 
resentation finite ones, it is natural to ask "What are n-representation infinite algebras?" 

The aim of this paper is to introduce n-representation infinite algebras and study their proper- 
ties. Our definition is a simpler analogue of the above property of n-representation finite algebras 
and given in terms of a higher Auslander-Reiten translation: A finite dimensional algebra of global 
dimension n is called n-representation infinite if and only if v~ z (A) is a module (i.e. concentrated 
in degree 0) for any i > 0. Thus for n = 1 our notion of 1-represcntation infinite algebras coincides 
with the classical notion of representation infinite hereditary algebras. We show (in Theorem l3.4l) 
that n-representation finite algebras and n-representation infinite algebras give two disjoint classes 
of n-hereditary algebras, which are certain homologically nice algebras. 

As a first example of an n-representation infinite algebra consider the Beilinson algebra, given 
by the quiver 

12 n 

1 : 2 : 3 • • • n '■ n + 1 , subject to the relations a l fe a* +1 = a^a^ +1 . 



By Beilinson Be] this is the endomorphism algebra of the tilting bundle ®" =0 ®W 011 Using 
knowledge on the category cohP", in particular Serre duality and sheaf cohomology, it is easy to 
see that the Beilinson algebra is n-representation infinite. For details, see Example l2.15l We see (in 
Section[5]) that the Beilinson algebra is actually only one member of a large class of n-represcntation 
infinite algebras which we call "type A" . 

For n-representation infinite algebras, we introduce three distinguished classes of modules: The 
first one is 3? = add{^*(A) | i > 0}, which we call the n-preprojective modules, and the second 
one is = addjV^(Z?A) i > 0} which we call the n-preinjective modules. The third class which 
we call n-regular modules is described as 3% — {X G mod A | Vi G Z: v^X) G mod A} (see 
Proposition 14. 1 5"|) . In the context of higher dimensional Auslander-Reiten theory, the category 

<*f° := {X G mod A | Vi G {1, . . . , n - 1} : Ext A (J* V S, X) = 0} 

gives a higher analogue of module categories. We give the following result, showing that the 
properties of these subcategories are very similar to the classical hereditary situation. 

Theorem 1.1 (see Theorems 14.171 and 14.24]) . Let A be an n-representation infinite algebra. 

(a) We have ^° = & V 3t V J. 

(b) We have 

Hom A (^, @>) = 0, Hom A (/, 3 s ) = 7 and Hom A (/,if) = 0, 

ExtX(^,^) = 0, Extl(^,y) = 0, and Extl(3$,J?) = 0. 
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(c) For any indecomposable non-projective X G (respectively, non-injective Y £ £P\/.y ), 

there exists an n-almost split sequence 

-> Y C n -i -4 C„_2 -> > CW C ^ A ^ 

suc/i that Y = T n (X) and X = t~(Y). 

It is worth noting that n-representation infinite algebras form an answer to the following question 
in homological algebra, which was asked in [12] and at ICRA XI: 

Question 1.2. Is there a finite dimensional algebra A with an infinite set {Xi}i^i of isomorphism 
classes of indecomposable A-modules such that Ext A (Xj,Xj) = for any i,j G I? 

We see (in Proposition 14.91) . that for any n-representation infinite algebra with n > 1, both the 
categories 3P of n-preprojective and the category £ of n-preinjective modules provide examples 
of the form asked for by Question 11.21 

As in the classical case n = 1 and the case of n-represcntation finite algebras, one main method 
for studying an n-representation infinite algebra A is to look at the associated preprojective algebra 
II . The name is explained by the fact that II is the direct sum of all n-preprojective modules as a 
A-modules. By a result of Keller |K2] it is a bimodule (n + 1)-Calabi-Yau algebra [G]. Using results 
in [AIRI IMM] . we have a bijection between n-representation infinite algebras and bimodule (n+ 1)- 
Calabi-Yau algebras of Gorenstein parameter 1 (Theorem 14.351) . Moreover we apply methods in 
non-commutative algebraic geometry to preprojective algebras to study the category of n-regular 
modules. In particular, we use Minamoto's theory [M] on Fano algebras to give the following 
description of n-regular modules: 

Theorem 1.3 (see Theorem 16. 5 [I . Let A be n-representation infinite algebra and H the associated 
preprojective algebra. If H is left graded coherent, then we have 

^ = qgr o n 

where qgrll is the quotient category of graded H-modules modulo finite dimensional modules and 
qgr II is the full subcategories consisting of graded Tl-modules of dimension one. 

One aspect in this paper that heavily relies on the interplay of n-representation infinite algebras 
and their preprojective algebras is our study of n-representation tame algebras. We call an n- 
representation infinite algebra n-representation tame if its preprojective algebra is a Noetherian 
algebra. For n = 1 our notion of 1-representation tame algebras coincides with the classical notion 
of representation tame hereditary algebras. In this situation, we obtain a nice decomposition of the 
category of n-regular modules, which generalizes the classical result for tame hereditary algebras. 

Theorem 1.4 (see Theorem I6.22[) . Let A be n-representation tame and H the associated prepro- 
jective algebra. Then the category of n-regular modules decomposes as 

m= [] fdn (p) 

pGMaxProj R 

where ITp-j is given by a localization o/IT with respect to p G MaxProji?. 

For instance in the case of the Beilinson algebra we obtain the decomposition^ w ]J fd K[[ti, . . . ,t n }], 
where the coproduct runs over all closed points in P n (Example [62U[b)). 

It is somewhat surprising that Auslander's representation dimension [A2 may also be applied to 
our higher dimensional representation theory: By a classical result, an algebra has representation 
dimension at most two if and only if it is representation finite. In particular any representation 
infinite algebra has representation dimension at least three. The first example of algebras with 
representation dimension at least four was given by Rouquier [Ro . Here we show that, at least if 
we restrict to the finite/tame situation, representation dimension also determines if an algebra is 
n-representation finite. More precisely, we show the following: 
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Theorem 1.5. (Propositon \7.S[ Theorem \7~5\ ) 

I < n + 1 if A is n-representation finite, 
repdim A < 

I > n + 2 if A is n-representation tame. 

We conjecture that any n-representation infinite algebra A satisfies repdim A > n + 2 (Conjec- 
ture [72]). We prove that this is true for n = 2 (Theorem 17.41) . One reason to believe this is that 
n-representation tame algebras are simplest among n-representation infinite algebras. 

Results in this paper were presented in Oberwolfach (February 2011) [K], Balestrand (June 
2011) and Shanghai (October 2011). 

Acknowledgements. The authors thank Hiroyuki Minamoto for a valuable suggestion which 
improved our original Theorem 16.221 by using Lemma 16.181 and Proposition 16.191 We are grateful 
to him and Izuru Mori for stimulating discussion about n-representation infinite algebras and 
Fano algebras. The second author thanks Osamu Fujino, Susan Sierra and Hokuto Uehara for 
stimulating discussions. 

1.1. Notation. For general background in representation theory, we refer to [ARSI lA"SS] . 

Throughout this paper K denotes a field. We denote by D the if-dual, that is D(— ) = 
Hornft- (— , K). By the composition fg of morphisms means first /, then g. 

Let A be a Zf-algebra. All modules in this paper are left modules. We denote by Mod A 
the category of A-modules, by mod A the category of finitely presented A-modules, by proj A the 
category of finitely generated projective A-modules, by inj A the category of finitely generated 
injective A-modules, and by fd A the category of finite dimensional A-modules. If A is a graded 
if -algebra we write GrA for the category of graded A-modules, grA for the category of finitely 
presented graded A-modules, and gr proj A for the category of finitely generated graded projective 
A-modules. 

We denote by C(— ), K(— ), and D(— ) the category of complexes, the homotopy category, and 
the derived category, respectively. By C b (— ), K b (— ) and D b (— ) we mean the bounded version. 

For a class of objects in an additive category 'tf, we denote by add<^ X or add M' the full 
subcategory of ^ consisting of direct summands of finite direct sums of objects in $f . For additive 
categories ^ (i E I) we write U ig/ % for the coproduct of the categories. For a Krull-Schmidt 
category ^ we denote by ind^ the class of isomorphism classes of indecomposable objects in . 
For full subcategories % (i £ I) of ^, we denote by Vie/ ^ tne mu subcategory of ^ satisfying 
Vie/^ = ac ' c '(Uie/ ind^t). Note that a decomposition ^ = \J ieI ^i is a coproduct if and only if 
Hom^,^) =0\/i=fj. 



2. n-REPRESENTATION INFINITE ALGEBRAS 

Let n be a positive integer and A a ring-indecomposable finite dimensional if-algebra. Through- 
out this section we assume that A has global dimension at most n. 

Let us recall the Nakayama functor on D b (mod A) following Happel |Hap| . Define the functors 

v := D HoniA(- , A) : modA— s> mod A and v~ :— Hoitlao P (D— , A) : mod A — s> mod A. 

Since proj A = add A and inj A = add DA, they induce quasi-inverse equivalences 

proj A < ? inj A, 

which in turn induce triangle equivalences between homotopy categories 

K b (projA) K b (injA). 
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Since A has finite global dimension, the inclusions K b (projA) — > D b (modA) and K b (injA) — > 
D b (mod A) are triangle equivalences. Thus we obtain the Nakayama functors 

v := Z)RHom A (— , A) : D b (modA) -> D b (modA). 

u- 1 := RHom A op(-D-,A): D b (mod A) ->• D b (modA). 

L 

They are quasi-inverse each other. It is easy to check v = (DA) ® A — and v = RHom A (Z?A, — ). 
Moreover v gives a Serre functor |BKj of D b (modA) in the sense that there exists a functorial 
isomorphism 

Hom Db(mod A) (X, Y) = D Hom D b (mod A) (Y, v(X)). 
In this paper an important role is played by the autoequivalence 

v n :=vo \-n\ : D b (mod A) ->• D b (mod A). 
We collect some immediate properties of v n . 

Observation 2.1. (a) For any igZ, we have the following functorial isomorphism: 
Hom D b (modA) (X,r[i]) ^ DHom D b( modA )(Y,i/„(X)[ri-i]). 
(b) We have the following commutative diagram: 

D b (mod A) ^ D b (mod A) 



D 

D b (mod A°p) ^ D b (modA°P) 



D 

Y 



(c) For ij'eZwe have 

H*(m£(DA)) = Hom D b( mod a) (A, v^ n (DA) [i]) = Hom Db(modA )(^(A),^A[z]) 
= DR- i (^(A)). 

The following basic property of u n follows from the fact that we assume gl.dim A < n. 

Proposition 2.2. (e.g. [HI Proposition 5.4] ) The following inclusions hold. 

(a) i/ n (D^(modA))cD^°(moclA). 

(b) i/- 1 (D^°(modA)) c D^°(modA). 

As an easy consequences we get the following results that we will use often. 

Proposition 2.3. (a) Let M E mod A. If v l H (M) E mod A for some i > 0, then v 3 n (M) E 
mod A for all < j < i. 
(b) Hom D b (modA )«(A),L^(A)) = for any integers i < j. 



Proof, (a) This is clear from Proposition [ 

(b) Without loss of generality, we can assume i = < j. Then v 3 n (A) = v 3 7 ~ 1 (DA[~n]) E 
D-"(mod A) by Proposition IP Thus Hom Db(mod A) (A, v 3 n (A)) = R a (vt (DA[-n})) =0. □ 

We define the n-Auslander-Reiten translations by 
r„ := D Ext A (— , A) : mod A -> mod A and t~ := Ext Aop (D-, A) : mod A ^ mod A. 
Then we have 

r n = Tor^(DA, -) and r,; = Ext^(L»A, -) = Ext A (DA, A) ® A - (2.1) 

They are closely related to the functors v n by the following formulas. 

r„ = H (z/ n — ): mod A -> mod A and r ? 7=H°(^ 1 -): mod A ->• mod A. 

The functors r n and t~ turn out to play an important role in higher dimensional Auslander-Reiten 
theory of n-representation finite algebras (see [Hill IHI21 HT1 IPil IIQ11 1102] ) defined as follows: 
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Definition 2.4. We say that a A- module M is n-cluster tilting if 

add M = {X G mod A | Ext A (M, AT) = for any < i < n} 
= {X G mod A | Ext A (X, M) =0 for any < i < n}. 

We say that A is n-representation finite if there exists an n-cluster tilting A-module and gl.dim A < 
n. 

Notice that M G mod A is n-cluster tilting if and only if DM G mod A op is n-cluster tilting. 
Thus A is n-representation finite if and only if A op is n-representation finite. 

Example 2.5. (a) Let n = 1. Then 1-cluster tilting A- modules are nothing but additive 
generators of mod A. Thus 1-representation finite algebras are precisely representation 
finite hereditary algebras. If K is algebraically closed, then they are path algebras KQ of 
Dynkin quivers Q up to Morita equivalences, 
(b) It is shown in [HI2 that 2-representation finite algebras over algebraically closed fields are 
precisely truncated Jacobian algebras of selfinjective quivers with potentials. 
See [HI 11 IHI21 1101] for more examples of n-representation finite algebras. 

Now recall the following description of n-representation finite algebras. 

Proposition 2.6. The following conditions are equivalent. 

(a) A is n-representation finite. 

(b) Any indecomposable projective A-module P satisfies that v~ l (P) is an indecomposable in- 
jective A-module for some i > 0. 

In this case A has an n-cluster tilting module ©j> r~ J (A). 

Proof. (a)<^(b) is shown in [l02l Theorem 3.1(l)o(2)]. 

The statement for n-cluster tilting module follows from [Ml Theorem 1.6]. □ 

Motivated by the characterization of n-representation finite algebras in Proposition 12. 6f b). we 
define n-representation infinite algebras as follows. 

Definition 2.7. Let n be a positive integer. We say that a finite dimensional algebra A is n- 
representation infinite if any indecomposable A-module P satisfies that v~ l (P) G mod A for any 
i > 0, and gl.dim A < n. 

In this case, A has global dimension precisely n since Ext A (Z?A, A) — K n ^ 1 (A) ^ 0. 

The name is explained by the following observation. 

Example 2.8. Let n = 1. Then 1-representation infinite algebras are precisely representation 
infinite hereditary algebras: For A hereditary we have v^[ 1 (X) — t~(X) for any non-injective inde- 
composable A-module X. The claim now follows from the descriptions of AR-quivers of hereditary 
algebras |ARS) . 

Let us prove left-right symmetry of n-representation infinite algebras. 

Proposition 2.9. The following conditions are equivalent. 

(a) A is n-representation infinite. 

(b) v~ l (A) G mod A for any i > 0. 

(c) A op is n-representation infinite. 

(d) u^DA) G mod A for any i > 0. 

Proof. Clearly (a) is equivalent to (b), and (c) is equivalent to (d) by Observation 12 . 1 f b) . 

Now we prove that (b) is equivalent to (d) . By Observation ^. If c) , we have that (DA) G mod A 
if and only if v~i(A) G mod A. □ 
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2.1. First examples. In the rest of this section, we give a few methods to construct n-representation 
infinite algebras. 

The first one is to use tensor products. In what follows <g> denotes the tensor product over K . 
Let Ai and A2 be two finite dimensional -fT-algebras with Jacobson radicals J\ and J2 respectively. 
If Ai/ Ji (g A2/J2 is semisimple then 

gl.dim(Ai ® A2) = gl.dimAi +gl.dimA2 

by |A1) . Notice that A1/J1 ® A2/J2 is always semisimple if K is perfect or if Ai and A2 are 
path algebras of quivers factored by admissible ideals. Because of this compatibility of the tensor 
product with global dimension it is natural to consider tensor products of n-representation finite 
and n-representation infinite algebras. 

Recall that an n-representation finite algebra is called i-homogeneous if for any indecomposable 
A-module P, we have that t„ {l 1} (P) is an indecomposable injective A-module. It is shown in 
[Hill Corollary 1.5] that if Aj is an ^-homogeneous nj-representation finite algebra for i £ {1,2} 
such that A1/J1 ® A2/J2 is semisimple then Ai ® A2 is an ^-homogeneous (ni + n2 ^representation 
finite algebra. 

For n-representation infinite algebras, we have the following simpler result, where we do not 
have to care ^-homogeneity. 

Theorem 2.10. Let Aj be an ni-representation infinite algebra for i £ {1,2}. // A1/J1 ® A2/J2 
is semisimple then Ai ® A2 is an (n% + n-i) -representation infinite algebra. 

For the proof we need to investigate the relationship between the Nakayama functors and tensor 
products. 

Lemma 2.11. Let A^ be finite dimensional algebras with gl.dimAi < n,; for i 6 {1,2}. For any 
X G D b (modAi) andY G D b (modA2) the following statements hold. 

(a) v(X <g> Y) S v{X) ® v(Y), 

(b) {X®Y)= Vni (X)®v n2 {Y). 

Proof. First we prove part (a). 

v(X ®Y)^ D(Ai ® A 2 ) ® Al ®A 2 (A ® Y) = {DA 1 ® Aa X) g> (£>A 2 ®a 2 ^) = v{X) ® u(Y). 
Now (b) follows from: 

u ni+n3 (X®Y) = v(X <g> y)[— m - n 2 ] = i/(X)[-th] <8>2/(y)[-n 2 ] = 

□ 

Proof of Theorem \2.1(A Since Ai/ ' J\®h.2/ J2 is semisimple, gl.dim(Ai(g)A2) = ni+n2. By applying 
Lemma 12.111 repeatedly we get 

*C+« 2 (Ai ® A 2 ) = i/~*(Ai) ® ^(A 2 ) G mod(A! ® A 2 ) 

for any i > 0. □ 

Combining Example 12.81 and Theorem 12. 101 we get the following example (see [Hill Section 3.1] 
for similar examples of n-representation finite algebras). 

Example 2.12. Let Qi be a connected non-Dynkin quiver for i = l,...,m. Then the tensor 
product KQi ® ■ ■ ■ ® KQ m is an m-representation infinite algebra. 

Next we give another construction using 'n-APR tilting modules'. Let A be a basic finite 
dimensional algebra with global dimension at most n and P be a simple projective non-injective 
A-module. When Ext\(Z?A, P) = holds for any i with < i < n, we define a A-module by 

T:=r-(P)8(A/P). 
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Then T is a tilting A-module with projective dimension n by [1011 Theorem 3.2]. We call T 
the n-APR tilting A-module with respect to P. It is shown in [1011 Theorem 4.7] that if A is 
n-representation finite then EndA(T) is again n- representation finite. 

By the following result, n-APR tilting modules also preserve n-representation infiniteness. 

Theorem 2.13. Let A be an n-representation infinite algebra and T an n-APR tilting A-module. 
Then EndA(T) is again n-representation infinite. 

Proof. Let T := EndA(T). By uniqueness of the Serre functor, we have a commutative diagram 

RHom A (T,-) 



D b (mod A) 



D b (modr) 



D b (modA) 



RHom.fi (T, — ) 



D b (mod T). 



We only have to show that Hom D b( modr )(L, i/ n l (r)[j]) is zero for any i > and j ^ 0. Since 
T n( p ) = ^n^-P): w e have 
Hom D b (modr) (r,^ 2 (r)[j]) = Hom D b (modA) (T, v^ L l {T)[j\) 

= Hom D b (modA) (A/P,^ 4 (T 1 )[j]) ©Hom Db(modA) (^- 1 (P),^; J (T)[j]). 
Since A is n-representation infinite, we have for any i > and j ^ 

Hom D b (modA) (A//>- 4 Cn[iD = 0, 
Hom D b( modA )(^„ 1 (P), v n l {T)[j\) — Hom D b( mod \){P, v\ l (A/P)[j]) © Hom D b( mod A ) 

= 0. 

Thus the assertion follows. □ 

The change of the quiver with relations via 2- APR tilting was described in [1011 Theorem 3.11]. 
Here we give an example. 

Example 2.14. Let Q be an extended Dynkin quiver of type A\. Then KQ®KQ is 2-representation 
infinite by Example l2.12[ and given by the following quiver with relations. 



xix 2 = x 3 X4, xiy 2 = 2/3Z4, y\x 2 = x s y^ yiy 2 = 2/32/4- 



Let T be an 2- APR tilting module corresponding to the vertex 1. Then EndA(T) is 2-representation 
infinite by Theorem l2.131 and given by the following quiver with relations. 





X2Ti + y 2 r 2 = 0, x 2 r 3 + y 2 r 4 = 0, x A r x + y 4 r 3 = 0, x A r 2 + y 4 r 4 = 0. 



We end this section by the following example, which motivates the non-commutative algebraic 
geometry approach given in Section H3 

Example 2.15. Let A be the Beilinson algebra, that is the algebra given by the quiver 



n + 1 , subject to the relations a^ +1 = a^a^ +1 . 
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By [Be] this is the endomorphism algebra of the tilting bundle T — ®™_ 0{l) over P n . Thus we 
have a triangle equivalence 

F :=RHom pn (T, -): D b (cohP") -> D b (modA) 

Since the Serre functor on D b (cohP") is (— n — l)[n], we have the following commutative diagram 
by uniqueness of the Serre functor: 

D b (coh P") ^ D b (mod A) 



i 



(n+l) 

D b (coh P") ^ D b (mod A) 

We obtain the following equivalence of statements 

A is n-representation infinite <^=> H l (^- J (A)) =0 Vi ^ 0, Vj > 

Hom Db(cohP n)(T,T(i(n + l))[i]) - Vz / 0, Vj > 

^ Ext* ohP „(O,O(j))=0 VM0,Vj>0 

H l (O(j))=0 V*^0, Vj>0 

where the last equivalence is just the definition of sheaf cohomology. This last equivalent statement 
holds since the sheaves 0(j) with j > are generated by their global sections. Consequently A is 
n-representation infinite. 

A class of n-representation infinite algebras which generalizes Beilinson algebras was given in 
jAIRj . We refer to Section [5] for a general construction including this class. 

3. n-HEREDITARY ALGEBRAS AND THEIR DICHOTOMY 

In this section we introduce another class of algebras of global dimension at most n which we 
call n-hereditary algebras. We prove that the class of n-hereditary algebras is the disjoint union 
of the class of n-representation finite algebras and the class of n-representation infinite algebras. 

Our definition of n-hereditary algebras is strongly motivated by the following property of the 
derived categories of hereditary algebras: By |Hap| , for a hereditary algebra A we have D b (mod A) = 
V^ez( rnoc ' To generalize this, we introduce a category 

D" z (mod A) := {X e D b (mod A) | R l (X) = for any i 6 Z\nZ}. 

We have the following property for of global dimension at most n. 

Proposition 3.1 ([M] Lemma 5.2(b)]). Let A be a finite dimensional algebra with gl.dimA < n. 
Then we have 

D" z (modA) = y (mod A) [to]. 

In particular any object X £ D nZ (mod A) is isomorphic to its homology H (X) [— £n] . 

For the case n = 1, this is what discussed above. Now we introduce n-hereditary algebras. 

Definition 3.2. We say that a finite dimensional algebra A is n-hereditary if i^(A) £ D™ z (mod A) 
for any i £ Z and gl.dimA < n. 

Clearly any hereditary algebra is 1-hereditary since D lz (mod A) = D b (mod A). 

We begin our discussion of n-hcrcditary algebras by giving the following characterizations. 

Proposition 3.3. The following conditions are equivalent. 

(a) A is n-hereditary. 

(b) v~ l (A) S D ,lZ (mod A) for any i > 0. 

(c) A op is n-hereditary. 

(d) v l n (DA) e D ,lZ (mod A) for any i > 0. 
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Proof. By Observation 12.1 t o), we have that (b) is equivalent to (d). Since u n (A) = DA[— n], 

we have that (a) is equivalent to (b) and (d). Consequently, all conditions (a), (b) and (d) are 
equivalent. 

By Observation 12 . If b) . we have that (a) is equivalent to (c). □ 

The main aim of this subsection is to prove the following dichotomy result of n-hereditary 
algebras. 

Theorem 3.4. Let A be a ring-indecomposable finite dimensional algebra. Then A is n-hereditary 
if and only if it is either n-representation finite or n-representation infinite. 

To prove this, we need two preliminary observations. The first one is an elementary but useful 
generalization from the classical theory for hereditary algebras. 

Lemma 3.5 ( I4j Lemma 2.3(c)]). Let A be a finite dimensional algebra with gl.dim A < n. Assume 
that an indecomposable X 6 mod A satisfies v~ 1 (X) G D nZ (mod A). Then either v~ x {X) € mod A 
or X G inj A. 

Proof. For the convenience of the reader, we give a quick proof in our context. Since Y := v~ x (X) = 
RHom A (£)A,X)[n] satisfies H*(Y) = for any I £ {0, -n}, we have Y = H°(Y~) © R- n (Y)[n] by 
Proposition 13. II Since Y is indecomposable, we have either Y = H°(y) or Y = H _ra (F)[n]. In the 
former case we have Y G mod A. In the latter case we have Ext\(DA, X) = W~ n (Y) = for any 
i ^ 0, so X is injective. □ 

The second one gives a characterization of n-hereditary algebras. 

Lemma 3.6. Let A be a finite dimensional algebra with gl.dim A < n. The following conditions 
are equivalent. 

(a) A is n-hereditary. 

(b) For any indecomposable P G proj A, one of the following conditions holds. 

(i) v~ l (P) G inj A for some i > 0. 

(ii) v~ % (P) G mod A for any i > 0. 

Proof. Assume that A is n-hereditary and let P G proj A indecomposable. If P does not satisfy 
the condition (b)(ii), then there is a maximal integer i > such that X := v~ l {P) is a A-module. 
Applying Lemma l3~5l to X, we have that X G inj A. 

Now assume that (b) holds, but A is not n-hereditary. Let k be the minimal natural number 
such that there is P G ind(proj A) satisfying v~ k (P) D nZ (mod A). Then P does not satisfy the 
condition (b)(ii). Hence there is i > such that v~ l (P) is an injective A-module. By Proposi- 
tion [53Ua) we have that v~i{P) G mod A for all < j < i. Moreover, P' := vf L l ^ 1 {P)[— n] is an 
indecomposable projective A-module. In particular i + l < k. Now v n ^ 1 1 ^(P / ) = v~ k (P)[— n] g" 
D nZ (modA). This contradicts the minimality of k. □ 

Now we are ready to prove Theorem 13.41 

Proof of Theorem \3.4\ The 'if part follows immediately from Lemma I3~51 fb) (a) since the condi- 
tion (i) is satisfied for n-representation finite algebras by Proposition l2.6l (a) (b) and the condition 
(ii) is satisfied for n-representation infinite algebras. 

In the rest we show the 'only if part. We assume that A is n-hereditary. Let P G ind(proj A). 
For any integer j G Z, there exists an integer dp(j) satisfying i/~ J '(P) G (mod A) [dp(j)n] by 
Proposition 13. II We have dp(0) = 0, dp( — l) = —1, and dp(j + 1) — dp(j) is either or 1 for any 
j G Z. Thus the image of dp is an interval of integers 

dp(Z) = [ap, bp] 

where ap G Z<o U {— oo} and bp G Z>o U {oo}. 

Note that bp = is equivalent to Condition (ii) in Lemma I3.6f b). and, using Lemma 13.51 
bp > is equivalent to Condition (i) in Lemma [3.6( b). If bp > for all P G ind(projA), then 
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A is n-representation finite by Proposition 12.61 (b)=>(a). On the other hand, if bp = for all 
P £ ind(proj A), then A is n-representation infinite by definition. Thus we only have to show that 
either bp > for all P 6 ind(proj A) or bp = for all P £ ind(proj A). 

Step I: Assume bp > for some P £ ind(proj A). Then for some i we have I = v~ l (P) £ inj A, 
which clearly satisfies 

a v- l (i) — a P — 1 an d b u -itj) = bp — 1 (3-1) 

where ±oo — 1 := ±oo. 

Step II: Let P,Q £ projA indecomposable, such that Hom D b( modA )(Q, v~ l (P)) ^ for some 
i £ Z. Then we have 

Hom Db(modA) (^(Q),^- 4 --''(P)) = Hom Db(modA) (Q,^(P)) ^ Vj £ Z. 

Thus we have dp(i + j) — dg(j) is either or 1 for any j £ Z. Looking at j <C and j > 
respectively, we have 

clq £ {ap,ap — 1} and 6q £ {bp, bp — 1}. (3-2) 
Step III: We show that if P satisfies bp — 0, then ap = — 1. Among the indecomposable 
projectives P' with bp' = 0, choose P such that ap is minimal. For any i > 0, there exists 
Qi £ ind(projA) satisfying Hom D b( modA )(Qi, v~ l (P)) ^ 0. In particular, since there are only 
finitely many indecomposable projectives, there is Q such that Hom D b( modA )((3, v~ l {P)) ^ for 
infinitely many i. By (|3.2p . we have &q = 0, and aQ — ap by minimality of ap. For sufficiently 
large i we have v % n (ff) £ (mod A)[agn]. Thus 

Gmod A[agn] 

^ Hom D b (modA) (Q,^ t (P)) = Hom D b (modA) (^(Q), s _P^), 

£mod A 

and hence ap = aq > — 1. 

Step IV: We show that &p is either or oo for any P £ ind(proj A). Otherwise applying (|3.ip 
repeatedly, we have Q £ ind(proj A) such that 

aQ = ap — bp and bg = 0. 

Then ag < — 1, a contradiction to Step III. 

Step V: If bp = oo for some P £ ind(proj A), then p. 21) and the connectedness of A imply 
that 6q = oo for any Q £ ind(proj A), so A is n-representation finite. Otherwise, bp = for all 
P £ ind(proj A) by Step IV, so A is n-representation infinite. □ 

4. n-PREPROJECTIVE, n-PREINJECTIVE, AND n-REGULAR MODULES 

The aim of this section is to introduce three classes of modules over n-representation infinite 
algebras from the viewpoint of higher dimensional Auslander-Reiten theory. We define them by 
using the n-Auslandcr-Rciten translation functors r n and r~ in a similar way as the classical case 
n = 1 of hereditary algebras. 

We start by discussing the more general case of n-hereditary algebras. Let A be an n-hereditary 
algebra. Then an important role is played by the full subcategory 

% := add{<(A) | i £ Z} 

of D b (mod A), which is contained in D nZ (mod A). The category already appeared in the study 
of n-representation finite algebras [HJ IIQ1L IIQ2] : 

Remark 4.1 ([HI Theorem 1.23]). If A is n-representation finite, then % is an n-cluster tilting 
subcategory of D b (mod A). 

The category is also important for n-representation infinite algebras. The first remarkable 
property of % is the following. 

Proposition 4.2. Let A be an n-hereditary algebra. Then we have Hom D b( modA )( 1 ^', = 

for any i £ Z\nZ. 
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Proof. Since <% C D nZ (modA), we have Hom D b (modA) (A, <2r[i]) = H 4 (^) = for any i e Z\nZ. 
Since i/„ is an autoequivalence of D b (mod A) satisfying v n {fy) = *W , we have the assertion. □ 

Next we have the following description of indecomposable objects in % . 

Proposition 4.3. We have a bijection from ind(proj A) x Z to ind W given by (P,i) H> i/^(P). 

Proof. Since v n is an equivalence, we have that v l n (P) is indecomposable for any (P, i) 6 ind(proj A) x 
Z. Thus the map (P,i) ^(P) gives a surjection ind(proj A) xZ-> ind 1 ^. It remains to prove 
injectivity. Assume v l n (P) = v 3 n {Q) for (P,i),(Q,j) g ind(projA) x Z. By Proposition 12. 3f b). we 
have i = j. Thus we have P = Q. □ 

Again let A be an n-hereditary algebra. We will study the full subcategory 

:= {X e D b (mod A) | Vi £ Z\nZ: Hom D b (mod A) (^, X[i]) = 0}, 

= {X e D b (mod A) | Vi £ Z\nZ: Hom Db(mod A) (X, ^ [i]) = 0} 

inside D b (mod A), where the second equality is a conclusion of Observation ^ . 1 f a) and v n (ftt ) = % . 
We also study its module category analog 

•if := (mod A) n c tf . 

The following assertions are clear. 

Observation 4.4. Since v n induces an autoequivalence of , v n also induces an autoequivalence 
of ^ . Clearly [n] gives an autoequivalence of 'rf, so it follows that also v induces an autoequivalence 

of <e. 

Now we give basic properties of '. The second equality shows that ^ is very similar to the 
derived category of hereditary algebras. 

Proposition 4.5. Let A be an n-hereditary algebra. The following assertions hold. 

(a) C # C D nZ (mod A). 

(b) ^ = V* ez ^°N. 

Proof, (a) By Proposition 0~H we have C ^. Since A e f , we have ^ C D ,lZ (modA) by 
Proposition 14.21 

(b) Since ^[In] = c £ holds by Observation WM we have (mod A)[ln] fW = ^[fe] for any feZ, 
In particular, ^ contains the right hand side. Moreover is contained in the right hand side by 
(a) and Proposition 13. II □ 

Remark 4.6. If A is n-representation finite, then & = % by Remark 14.11 Moreover ^ = 
add{r~'(A) i > 0} is the n-cluster tilting subcategory of mod A by Proposition 12.61 

In the rest of this section we assume that A is n-representation infinite. Following the represen- 
tation theory of hereditary algebras, we introduce important subcategories of mod A. 

Definition 4.7. Let A be an n- representation infinite algebra. By Proposition 12.91 we can define 
two full subcategories of mod A by 

9> := add{^; l (A) i > 0} = add{r- l (A) | i > 0}, 

J := add{i/* (DA) | i > 0} = add{T*(DA) | i > 0}. 

We call modules in (respectively, J^*) n-preprojective (respectively, n-preinjective) modules. 

Observation 4.8. Clearly we have v n (&) = & V (injA)[— n] and v~ l (j?) — J V (projA)[n]. 
Applying Observation 12. If a) . we have equivalences 

Ext A (^, X) = <S=> Ext^X, &) = 0, 

Ext\(X, J) = <S=> Ext^Jf, X) = 

for any X S mod A and i with 1 < i < n, which we will often use in this paper. 
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We collect easy observations. 

Proposition 4.9. Let A be an n-representation infinite algebra. The following assertions hold. 

(a) We have a bijection from ind(proj A) x Z>o to ind & given by (P,i) >-> f~ l (P). 

(b) We have a bijection from i n d ( i n j A) x Z>o to ind given by (I, i) i-> v l n (I). 

(c) % = J?[-n] V 9>. 

(d) Hom A (/, #)=OaW#n/ = 0. 

(e) ^V/C^°. 

(f) Ext\(^> V/,#V/)=0/or any £ wzt/i < i < n. 

(g) f = {l£ mod A | Vi e {1, . . . ,n - 1}: Ext A (J* V J, X) = 0}. 

Proof, (a) and (b) follow from Proposition 14.31 and (c) and (g) are clear from definition. 

(d) Since HoniA^^DA), v~ 3 (A)) = HomA(A[n], v' 1 '^ 1 (A)) = 0, we have the first assertion. 
Now the second one is clear. 

(e) and (f) follow immediately from Proposition 14.21 □ 



As a consequence, we have an answer to the second author's Question 11.21 

Corollary 4.10. Let A be an n-representation infinite algebra. Then \<nd{& V J?) is an infinite 
set of isomorphism classes of indecomposable K-modules such that Ext\(AT, Y) = for any i with 
< i < n and any X, Y 6 ind(^* V J). 

Next we show that it is easy to calculate dimension vectors of modules in & and <0 . 

Observation 4.11. Assume that A is a basic n-representation infinite algebra over an algebraically 
closed field K and 1 = e\ + ■ ■ ■ + e m is a decomposition into primitive orthogonal idempotents. Let 

C := [dim(e i Ae i )] 1 < ii < m 

be the Cartan matrix of A. That is the columns of C are the dimension vectors of the indecom- 
posable projectives Aej. Moreover let 

$ := (-l) ra C* • C'- 1 

be the Coxeter matrix of A. Then $ gives the action of v n on the Grothendieck group ATo(D b (mod A)) 
(with respect to the basis consisting of the simple A- modules). In particular, we have 

[ohm v-\kei)\ 1 < j < m = $- e C and [dim ^(D(e,A))} ^ ,< m = ¥C l . (4.1) 
We give a simple example. 



Example 4.12. Let A be a Beilinson algebra of dimension 2: 

1 — a:i->. 2 — a:i->- 3 XiXj — XjXi (i, j € {0, 1, 2}). 



Let 

Pi+U 

Then we have 
matrix and the Coxeter matrix of A are 

C = 



= v 2 (Aei) and h-i+U ■= i4(D(eiA)) for i 6 {1, 2, 3} and £ > 0. 
add{P 4 | i > 1} and J = add{/ 4 | i > 1} by Proposition IQTbVc). The Cartan 



13 6 
13 
1 



and $ = 



-3 3 
-8 6 
-15 10 



Using (|4.1I) . one can show inductively 

i(' + D 

dim P 



and dim /, 



(i-2)(i-l) 
2 



In representation theory of representation infinite hereditary algebras, apart from preprojective 
and preinjective modules there is a third important class - the regular modules. Inspired by this 
theory, we define the following. 
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Definition 4.13. The category of n-regular modules is defined to be 

St, := {X G mod A | Vi > 0: Ext\(0>,X) = = Ext A (X, J)}. 

Immediately we have the following descriptions of St. 

Observation 4.14. By Proposition I4.9f g) and Observation 14.81 

St = {X G Sf | Ext£(£», X) = = ExtJ(X, J)} 

and one can replace the condition Ext A (^, X) = (respectively, Ext A (X, J) = 0) by Hom A (X, S 3 ) 
11 (respectively, Hom A (j^,X) = 0). 

We have the following important description of ^ in terms of the functor v n . 

Proposition 4.15. Let A be an n-representation infinite algebra. Then 

St = {X e mod A | Mi e Z: G mod A}. 

We need the following observations. 

Lemma 4.16. Let A be an n-representation infinite algebra. 

(a) {X e mod A | Vj > 0: v 3 n {X) G mod A} = {Ie mod A | Vi > 0: Ext A (^,X) = 0}. 

(b) {X e modA | Vj > 0: u~ j (X) G mod A} = {AT G modA | Vi > 0: Ext A (X, = 0}. 

Proof, (a) We have the following isomorphisms: 

Exti(V(A),X) - Hom Db(modA) (V(A),X[i]) = Hom Db(modA) (A, i^(JC)[t]) - H'KpQ). 

Thus Ext A (^, X) = for any i > if and only if v ] n {X) G mod A for any j > 0. 

(b) This is shown dually. □ 

Now we are able to prove Proposition 14 . 1 5 1 as follows: 

Proof of Proposition \4-15\ 

& = {X G modA | Vi > 0: Ext\(^,X) = = Ext A (AT, J)} 

= {X G mod A | Mi G Z: G mod A} bv Lemma [4~TB1 □ 

Now we have the following main result in this section. 

Theorem 4.17. Let A be an n-representation infinite algebra. 

(a) We have 

f° = ^V«V/ and ^=y(^vav/)[fti]. 

fez 

(b) M^e /iai>e 

Horn a (^, 5») = 0, Hom A (/, 5 s ) = 0, Hom A (j^) = 0, 
Ext n K (^,M) =0, Ext^C^ 1 ,^) = 0, and Ext^, J*0 = 0. 

We need the following preliminary observations. 

Lemma 4.18. Let A 6e an n-representation infinite algebra. 

(a) proj A = add{A G ind<^° | v n {X) £ tf }. 

(b) 9> = add{X G ind%?° | 3j > 0: i^(JT) $ = add{AT G ind^° | Hom A (A:, ^) ^ 0}. 

(c) inj A = add{X G ind^° | i/" 1 ^) £ ^°}- 

(d) J = add{X G ind^° | 3j > 0: v~*(X) £ = add{X G ind^° | Hom A (j^, X) ^ 0}. 
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Proof, (c) "C" is clear, and "3" is immediate from Lemma [ 

(d) The first equality is immediate from (c) since — Vj>o v iX m \^)- The second equality 
follows as follows: 

add{AT G ind'g' | 3j > 0: y~ j {X) <£ tf } 

= add{X G ind^° | Ext A (X, J) £ 0} by Lemma lilHl 

= add{AT G ind'T | Hom A (j^, AT) ^ 0} by Observation 

(a) and (b) are shown dually. □ 

Now we are ready to prove Theorem 14. 171 

Proof of Theorem tfT7\ (b) We know Ext^^,^) = 0, ExtJ(^,^) = 0, Hom A (^, = and 
Hom A (j^,^) = by Observation l4~14l We have Rom A (,y , = by Proposition g^d). By 
Observation [£H we have Ext^^ 2 , J^) = 0. 

(a) We know V ^ V J C 'g' by Proposition Hjje) and Observation l4~14l Now we show 
^Vf V/Dl". If X G ind<^° does not belong to ^ or ^, then we have Hom A (j^,X) = 
and HoniA(X, £?) = by Lemma OH Then X e ^ by Observation 14. 141 Thus we have the first 
equality. The second one follows from Proposition 14.5T b) . □ 

We note the following easy property of our categories. 

Proposition 4.19. & , S?,, J* , and ff are extension-closed subcategories o/modA. 

Proof. Since S? and are defined by a vanishing of extension groups, they are extension-closed. 

If n > 2, then & and are extension-closed since does not have first selfextensions by 

Proposition 14. 9f f ) . The claim is known in the case n — 1. □ 

4.1. Higher almost split sequences in and . In this section, we study structure of the 
categories and Si from Auslander-Reiten theoretic viewpoint. 

Let ffp (respectively, 'tfj) be the full subcategory of consisting of modules without non-zero 
projective (respectively, injective) direct summands. Set £?p = PI ffp and J^/ = J 1 D 'tfj. 

Proposition 4.20. We have mutually quasi-inverse equivalences 
which restricts to equivalences 



Proof. We only have to prove the equivalence between ^p 1 and lifj. By Observation 14.41 we have 
that z/„ and t'" 1 induce mutually quasi-inverse autoequivalences on . By Lemma |EE[a)(c), they 
induce equivalences between ffp and ffj. Moreover we have r„ = v n on 'tap and r r 7 = on 

«y. ' ' □ 

The following standard notion plays a key role to study the structure of Krull-Schmidt categories. 

Definition 4.21. Let si be a Krull-Schmidt category with Jacobson radical J^. 

(a) For X G indjz/, we say that a morphism / G J^{C,X) in is right almost split if the 
following sequence is exact on . 

Honw(-C) ^ J^(-,X)^0. 

A right minimal and right almost split morphism is called a sink morphism. 

(b) Dually we define a left almost split morphism and a source morphism. 

The following notion was introduced in [IT] in higher dimensional Auslander-Reiten theory. 
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Definition 4.22. Let srf be a Krull-Schmidt category with the Jacobson radical . We call a 
complex 

-¥ Y ^ C n _i C n _ 2 ■•■4Ci4c ^l40 

in is/ an n-almost split sequence in gtf if the following conditions are satisfied. 

(a) X and Y are indecomposable and /j G for any i. 

(b) The following sequences are exact on srf : 

-> Hom^(-,y) Honw(-,C n _i) ^> ••• ^ Hom^(-,C ) -M-, X) -> 0, (4.2) 
-> Hon W (A, -) A Honw(C , -) ^> • • • HonwC^n-i, -) ^> •M y « -) 0. (4.3) 

For n-representation finite algebras, we have the following existence theorem of n-almost split 
sequences. 

Example 4.23. Let A be an n-representation finite algebra. Then the n-cluster tilting subcategory 
of mod A has n-almost split sequences by (TTJ Theorem 3.3.1]. 

The aim of this subsection is to prove the following existence theorem of n-almost split sequences 
in 'if in case A is n-representation infinite. 

Theorem 4.24. (a) Any indecomposable le # (respectively, 1 £ /j has a sink morphism 
C — > X and a source morphism X — > C" in %f° with C, C G 3 s (respectively, C,C G ). 

(b) For any indecomposable X £ V J' ( respectively, indecomposable Y G 8P V ), there 
exists an n-almost split sequence in 

-> Y -> C„_i -)• C„_ 2 -> — > cw c ^ a: ^ o 

suc/i i/ia£ y = r n (X) and X = rj^(y). 

(c) If X orY belongs to 3 s (respectively, J" ' ) in (b), then all terms in the sequence belong to 
& (respectively, J?). 

Note that we do not know whether sink morphisms and source morphisms exist for n-regular 
modules. We will discuss this problem later in this subsection. 

The first step of the proof is the following observation, which is an analogue of [HJ Proposi- 
tion 3.3]. 

Lemma 4.25. Let 

-> Y H C„_i C n _ 2 ■ ■ • ^ Ci ^ Co ^ X -> 

oe an exact sequence with terms in such that fa G for any i. Then the following equivalent 
conditions are equivalent. 

(a) This is an n-almost split sequence in e €° . 

(b) X is indecomposable and fg is a sink map in c t?° . 

(c) Y is indecomposable and f n is a source map in ff . 

In this case, we have Y = r n (X) and X = t~(Y). 

Proof. By definition of % ', we have 

Ext A (<*? ,^) = = Ext A (^,< r O Vt€{l,...,n-1}. (4.4) 

Using this, it is easily checked that the sequence (|4.2[) (respectively, (|4.3l0 is exact if and only if 
fo is a sink map (respectively, f n is a source map) in 'rf (see [H] Lemma 3.2] for details). 

Thus we only have to check that (b) is equivalent to (c). We define functors F G mod "if and 
G G mod('^ ) op by exact sequences: 

Hom A (-,C* ) Hom A (-,X) -> F -> 0, 
Hom A (C„_i, -) Hom A (y -) ->■ G -> 0. 
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Using (|4.4p . it is easily checked that 

F = D(G o r n ) and G^D{Fot~) (4.5) 

hold (see [II] Lemma 3.2] for details). Thus F is a simple functor if and only G is a simple functor. 
Now note that (b) (respectively, (c)) is equivalent to F (respectively, G) being a simple functor. 
Thus all conditions are equivalent. 

Moreover, since X (respectively, Y) is a unique indecomposable object in c to° such that F(X) ^ 
(respectively, G(Y) ^ 0), the isomorphisms (|4.5[) imply Y = r n (X) and X = t~(Y). □ 

We denote by Sub 3* the full subcategory consisting of all submodules of modules in Then 
we have the following easy observation. 

Lemma 4.26. 8? is contravariantly finite in Sub 3^. 

Proof. Let M £ 3? and N a submodule of M. By Proposition 12.31^ . all but a finite number of 
X £ ind <^ satisfy Hom A (X, M) = and so Hoiiia(a', N) — 0. This immediately implies that N 
has a right ^-approximation. □ 

The following result is an analogue of [11] Theorem 2.2.3]. 

Proposition 4.27. For any X £ Sub 3P , there exists an exact sequence 

-> C n _i • • • A C A X -> 

with Ci £ 3? for any i and /, £ /or i =^ smc/i £/iai i/ie following sequence is exact on ff . 

0^Hom A (-,C n _i) ••• ^Hom A (-,C* ) -A Hom A (-, X) ->• 0. 

Proof. Applying Lemma 14.261 repeatedly, we have an exact sequence 

-> C„_ 2 ^ ■■■ A Co -A X -> 

with Ci £ ^ for any i and £ J52 for j ^ such that the following sequence is exact on 3^. 

-> Hom A (-, X n _i) ^> Hom A (- C„_ 2 ) • • • ^ Hom A (-, C ) -A Hom A (- X) -> 0. 

It is exact on ^° since Hom A (^ V J^,Sub^) = 0. Using Ext A (^ V J^Cj) = for any i with 
< i < n, one can easily check that X n ^\ satisfies Ext A (^ V J?,X n -i) = for any i with 
< i < n (see [111 2.2.1(2)] for details). This means X n -i £ tf a by PropositionSHc). Since JT n _i 
is a submodule of C n _2 £ we have X n _i £ ^ by Theorem 14 .171 □ 

Now we are ready to prove Theorem 14.241 

Proof of Theorem \4-24\ We only prove the assertions for X or Y in \r\d3 3 . The corresponding 
assertions for X or Y in ind J? are shown dually. 

Fix X £ ind . By Theorem |4~T71 and Proposition l2~37b) . all but finitely many C £ ind ^ 
satisfy Hom A (C, X) — 0. Thus there exists a sink map /o : Co — ► X in ^ . 

Now we assume that X is non-projective. Then /o is clearly surjective. We apply Proposi- 
tion f° r Ker/o £ Sub & to get an exact sequence 

-> C„ A C„_i • • • A Ci Ker/o -V 0. 

Combining this with an short exact sequence — > Ker/o — > Cq —> X — > 0, we have an exact 
sequence 

-> C„ A C„_x • • • A- C x A- Co A X ->• 0. 
By Lemma 14.251 this is an n- almost split sequence in and satisfies C„ = r„(X). 

Since r„ gives a bijection ind — > ind the above argument shows the existence of n-almost 
split sequences in ^ starting at any Y £ ind 3 s . In particular, any Y £ ind 3? has a source map 
in <r°. □ 

Now we give the following application of Theorem l4.24l 
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Proposition 4.28. (a) No module in ^°\^ has a right & -approximation. In particular & 
is not contravariantly finite in mod A. 
(b) No module in ( € ti \J' has a left J? -approximation. In particular ■J? is not covariantly finite 
in mod A. 

Proof, (a) Let X £ < ^°\J 2 be indecomposable and /: Y — > X be a minimal right ^-approximation. 
By Theorem 14.241 there exists a source map g: Y — > Z in K? with Z £ & . Then there exists 
a: Z — >• X such that / = ga. Since / is a right ^-approximation, there exists b: Z — >• V such that 
a = bf. Now / = <?&/ shows that 56 is an isomorphism, a contradiction to g G J^ - 

(b) is shown dually. □ 

Although Theorem 14.241 shows the existence of a sink (respectively, source) morphism of X £ 
V J? in it does not tell us anything about sink or source morphisms of X £ & in 
For the classical case n = 1, we have = mod A, so we know that sink morphisms, source 
morphisms and almost split sequences exist by classical Auslander-Reiten theory. 
For the case n > 2, we pose the following. 

Conjecture 4.29. Let n > 2. Then no indecomposable X £ has a sink morphism or a source 
morphism in . 

The following observation gives us some information related to this question. 

Observation 4.30. (a) Assume that some indecomposable X £ 3$ has a sink morphism 
/ ' : C —> X (respectively, source morphism g: X — > C) in Then the sequence 

O^Kcr/^C^l^O (respectively, -> X 4 C -> Cok g 0) 

is an almost split sequence in and c to Q . 
(b) Let n > 2. Then no indecomposable le J has an n- almost split sequence. 

Proof, (a) The case n = 1 is known, so we may assume n > 2. Applying HomA(^ V — ), one 
can easily check that Ext A (^ V J^, Ker /) = holds for any i with < i < n. Thus Keif £ 
By Theorem 14.171 we have that C and Ker / belong to & V if. If Ker / has a non-zero direct 
summand in then Ext A (X, ^) = shows that / is not right minimal, a contradiction. Thus 
Ker / € 3&. Since ^ is an extension closed subcategory of 3% by Proposition 14. 191 we have Cef. 
By a standard argument (see [ARS1 Proposition V.1.12]), the sequence is an almost split sequence 
in M. Since Ext A (^ V/,f) = = Ext A (^, ^ V S), it is an almost split sequence in 

(b) Assume there is an n- almost split sequence ending in X. Applying the exact sequence (|4.2p 
of Definition 14.221 to Ker/o, we see that Ker/o is a direct summand of C\. Now the assumption 
fi £ Jtf° implies C\ = Ker/o, and C2 = C3 = . . . = Y = 0. A contradiction. □ 

Example 4.31. Let A be a Beilinson algebra of dimension 2 (see Example l4.12j) . Then the quiver 
of the categories & and are the following. 

^: Pi Pa Pi J: h h 




P3 P 6 h h h 

Moreover we will see that the category Si is equivalent to cohoP 2 in Example I6.24f b). 

4.2. Preprojective algebras. Let A be an n-representation infinite algebra. The (n+l)-preprojective 
algebra (or simply preprojective algebra) of A is defined as the tensor algebra 

n = n„ +1 (A) := Ta Ext A (DA, A) 
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of the A-bimodule Ext^(£>A, A). Then II has a structure of a graded if-algebra by 

n = 0n, with H = Ext2(-DA, A) (g) A • • • <8>A ExtX(-DA, A) . 
i>0 ■ "~ 

— I copies 

The name "preprojective algebra" is explained by the fact that IT — T rT l (A) by (|2.ip . which means 
that IT is the direct sum of all n-preprojective modules. 

There is a strong connection between and the category gr proj II of finitely generated graded 
projedctive II-modules. We define full subcategories of gr proj IT by gr proj >0 II := add{II(i) | i > 0} 
and grproj <0 II := add{II(i) | i < 0}. 

Proposition 4.32. (a) We have an equivalence & gr proj II which restricts to an equiva- 
lence ~ grproj >0 II. 

(b) We have an equivalence « gr proj II which restricts to an equivalence HoniA(— , II) : £P op w 
grproj< o n°P. 

Proof, (a) The correspondence v~ l {K) H> H(i) gives an equivalence since HomA(t'~ , (A), v~ 3 (A)) = 

t~ u - 1 \a) <* = Hom grproj n(n( Z ),n(j)). 

(b) This is shown dually. The description as Horn- functor follows since HomA(^ i (A), II) = 
Il(-i). ' □ 

Now we show that the homological behaviour of II is very nice if A is n-representation infinite. 
The following notion plays a key role. 

Definition 4.33. Let F = @ i>0 I\ be a positively graded if-algebra satisfying dim^ I\ < oo 
for any t 6 Z. We say that T is a bimodule l-Calabi-Yau algebra of Gorenstein parameter a if 
T G K b (grprojr c ) and RHom r c(T, T c ) = T[-i]{a) in D(Grr°). 

This is a graded version of Ginzburg's bimodule (n + 1)-Calabi-Yau algebras [G]. In particular, 
their derived categories satisfy the following property. 

Proposition 4.34 f |K11 Lemma 4.1]). Let T be a bimodule t-Calabi-Yau algebra. Then we have 
a functorial isomorphism 

Hom D(Modr) (A,F) ~ L>Hom D(Modr) (y, X[P\) 

for any X G D(Modr) and Y G Dj? d r (Mod T), where D^ dr (Modr) is the full subcategory of 
D b (Modr) consisting of objects whose cohomologies are finite dimensional. In particular, D b d r (Mod T) 
is an l-Calabi-Yau triangulated category. 

Recently the connection between n-representation infinite algebras and bimodule (n + l-Calabi- 
Yau algebras of Gorenstein parameter 1 was studied in representation theory |K21 lAIRj and non- 
commutative algebraic geometry |MM| . The main results are summarized as follows. 

Theorem 4.35. K2 ( AIR, MM Assume that K is perfect. There is a one-to-one correspondence 
between isomorphism classes of n-representation infinite algebras A and isomorphism classes of 
graded bimodule (n + 1)-Calabi-Yau algebras T of Gorenstein parameter 1. The correspondence is 
given by 

A h- > r := n„ + i(A) and T^A:=T . 

Proof, (i) Let L be a bimodule (n + 1)-Calabi-Yau algebra of Gorenstein parameter 1. 

By |AIR[ Theorem 3.4] (see also MM] Theorem 4.2]), we have that A := Lo is an n-representation 
infinite algebra such that LT„ + i(A) is isomorphic to L as a graded if-algebra. 

(ii) For any n-representation infinite algebra, we will show that n n+ i(A) is a bimodule (n + 1)- 
Calabi-Yau algebra of Gorenstein parameter 1 . 

Since K is perfect, we have A G K b (proj A c ). In [K2], Keller introduced a DG algebra II„ + i(A) 
called a derived preprojective algebra. Our II„ + i(A) is the 0-th cohomology of II„ + i(A). By 
Keller's general result jl\2, Theorem 4.8], we have that II„ + i(A) is a bimodule (n + 1)-Calabi-Yau 
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algebra. It is easy to check that II n+ i(A) has Gorenstein parameter 1. Since A is n-representation 
infinite, we have that II n +i(A) is concentrated to degree zero, so II„ + i(A) is quasi-isomorphic to 
n n+ i(A). Consequently we have the desired assumption. □ 

In Section [5] the question if II is graded coherent will be of importance. Let us recall this notion. 

Definition 4.36. We say that a graded ring T is left graded coherent (respectively, right graded 
coherent) if the following equivalent conditions are satisfied. 

(a) The category of finitely presented graded T-modules (respectively, r op -modules) are closed 
under kernels. 

(b) For any homogeneous homomorphism / : P' — > P of finitely generated graded projective 
T- modules (respectively, r op -modules), Ker/ is finitely generated. 

Now we can ask the question under which assumptions II is graded coherent. This is important 
for the non-commutative algebraic-geometric approach in Section [51 and has already been studied 
by Minamoto in [Ml [MM] . 

Question 4.37. When is H left graded coherent? 

We give a representation theoretic interpretation of Question 14.371 (cf. Proposition 14. 281) . 

Proposition 4.38. Let A be an n-representation infinite algebra and II be its preprojective algebra. 

(a) £P is covariantly finite in mod A if and only if II is right graded coherent. 

(b) J? is contravariantly finite in mod A if and only if H is left graded coherent. 

Proof. We only prove (a). 

By definition 3? is covariantly finite if for any X £ mod A the covariant functor HomA(A, — ) : — > 
mod k is finitely generated. By the equivalence of Proposition l4~3"27 b) this is equivalent to HomA(X, II) 
being finitely generated as graded n op -module. 

By definition II is graded right coherent if any morphism in gr proj n op has a finitely generated 
kernel. Since degree shift is an autoequivalence of GrII op this is equivalent to asking that any 
morphism P — > Q with P, Q £ gr proj <0 n op has a finitely generated kernel. 

Now, by Proposition 14. 32f b~). such P and Q can be written as HomA(P',II) and HomA(Q',II) 
for some P' and Q' in respectively. Moreover any map P — > Q is of the form HomA(/, Id) for 
some / : Q' — >• P' . It follows that the kernel of such a map is HomA(Cok /, II). 

Since any X £ mod A can be realized as a cokernel of a morphism in 3 s , we have that Id is 
graded right coherent if and only if for any X £ mod A the graded n op -module HomA (X, Id) is 
finitely generated. □ 

As an immediate consequence for the case n = 1, we recover the following observation [M] . 

Corollary 4.39. The classical preprojective algebra is left and right graded coherent 

Proof. Since & is covariantly finite and is contravariantly finite for the case n = 1, we have the 
assertion immediately from Proposition 14. 381 □ 

5. 77 -REPRESENTATION INFINITE ALGEBRAS OF TYPE A 

In this section we assume that K is algebraically closed of characteristic zero. Let S — 
K[x , ■ ■ ■ ,x n ]. Given a finite subgroup H < SL n +i(K), the skew group algebra S * H is bi- 
module {n + 1)-Calabi-Yau [BSWj . We shall now present these algebras by quivers with relations 
in a uniform way for the case when H is abelian. Our presentation is based on the well-known 
description by McKay quivers and relations (see e.g. (Re I IRV1 IBSWj ). The difference is that we 
construct an algebra independent of H that will have S * H as an orbit algebra. 

To construct the above mentioned algebra we will use the notation of root systems of type A n , 
which we now introduce. For details see |Hu) . Let V — {v £ R n+1 \ Y^i=o v i = 0}- Consider the 
root system of type A n in V 

$ = { Ci - ej | < i 7^ j < n}. 
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As simple roots we take on = — ej_i, where 1 < i < n. We distinguish one additional root 
cto = e — e„. Thus we have the relation Ym=o a i = 0- The root lattice L is the lattice of vectors 
with integer coordinates in V. It is freely generated as an abelian group by the simple roots. 

Construction 5.1. Define the quiver Q as follows. The set of vertices in Q is the root lattice 
Qo := L. The arrows are 

Qi := {a* : v -> (v + ati) | v G Qo, < i < n}. 

For the sake of brevity we shall sometimes remove the superscript and write simply at : v — » (v + cti) 
for the arrow a". This should cause no confusion since any ii,...,i m G {0, . . . , n} and v G Qo 
determine a unique path of the form ■ ■ ■ a,i m in Q from v to v + "}2 



a, 



For each v G Qo and < i < j < n we define the a relation r?- from « to ji + flj + by 
:= aiOj — ajOi. We set 

T = KQ/(r v ij v e Q o ,0 < i <j < n). 
Be aware that V does not have a unit element. 
For n = 1, the quiver Q is 



(-2,2) (-14) _(o,o) (i,-i) _ (2,-2) 



and the algebra T is the preprojective algebra of type A° 

For n = 2 the vertices Qo form a triangular lattice in the plane, Q is 



1 oo 
1 oo ' 



YYVVVV 
A7\7\7\7\7\ 

A77777\ 



and each arrow corresponds to a commutativity relation. 

From r we shall construct several finite dimensional algebras in two steps. First we take certain 
orbit algebras, and then we factor out ideals generated by certain sets of arrows called cuts. For 
n = 1, the orbit algebra will be preprojective of type A and the factor algebra will be a path 
algebra of a quiver of type A. 

First we define the orbit algebras. Since L — Qo is an abelian group it acts on itself translations. 
This action extends in a unique way to a i-action on Q. 

Construction 5.2. Let B be a cofinitc subgroup of L, i.e. the factor group L/B is finite. This is 
equivalent to requiring that rankB = rankL(= n). We denote by T/B the orbit algebra of T with 
respect to the £?-action. More explicitly, T/B is the path algebra of Q/B = (Q /B,Qi/B) with 
relations aiaj — Hjai from v to v + Hi + oij for each v G Qo/B and < i < j < n (here a and v 
denotes the i3-orbits of a G Qi and v G Qo respectively). 

Observe that if B = L, then T/B = S = K[ xo, . . . , x n ] . We now show that for arbitrary B the 
algebra T/B is isomorphic to a skew group algebra over S. 

Lemma 5.3. There exists a finite abelian subgroup H of SL n+ i(K) such that S * H = T/B. 
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Proof. Let H be the group of group morphisms <j>: L — > K x satisfying <fi(B) — 1. Since L/ Bis finite 
and K x contains primitive q-th roots of unity for every positive integer q we have a nondegenerate 
bihomomorphism 

H x L/B -> X x , (0,i7) ^ 

that allows us to identify the elements of L /B with the isoclasses of irreducible representations of 
H over K. Define an embedding H — s- SL„,_|_i by sending <f> G if to the diagonal matrix with 
diagonal entries </>(ao), . . . , </>(<*„). This is well-defined because 

n / n \ 

i=0 \i=0 / 

The above embedding defines an iJ-action on S, which satisfies 4>Xi = 4>(cti)xi for all < i < n. 
Using our identification of L/B with the isoclasses of irreducible representations of H we get that 
Q / B is the McKay quiver for H. Moreover, the relations in T/B are just commutativity relations, 
so S *H = T/B. □ 

Our aim is to apply Theorem 14.351 to obtain n-representation infinite algebras from T/B. To 
do this we need suitable gradings on T/B. We shall describe these gradings in a uniform way by 
returning our attention to the covering T. 

Definition 5.4. For every permutation a of {0, . . . , n} and v 6 Qq we get a cyclic path a a /Q\ ■ ■ ■ a ff ( n j 
in Q starting and ending at v. We call such paths small cycles. A subset C £ Q\ is called a cut if 
it contains precisely one arrow from each small cycle. 

Every cut C defines a grading gc on Q by 

fl aeC 

9c{a) = < 

10 a <E Qi\C 

The relation rL is homogeneous with respect to gc since the element 



is a difference of two small cycles. So gc induces a grading on T. Set (Jc = (Qo, Qi \ C), so that 
the degree zero part Tg of T is a factor of KQc- 

To get an induced grading on the orbit algebra T/B we need to ensure that the action of B is 
compatible with the grading gc, i.e., that B is a subgroup of the stabilizer 

L c := {A e L | AC = C} < L 

of C. We now focus on cuts satisfying the following two conditions. 

Definition 5.5. We say that a cut C in Q is 

(a) periodic if Lc is cofinite in L. 

(b) bounding if there is a natural number N such that all paths in Qc have length at most N . 

Let C be a periodic cut and B < Lc & cofinite subgroup. Then B is cofinite in L and we may 
consider T/B. Since gc is constant on the B-orbits of Qi, it induces a grading gc on T/B. We 
denote by (T/B)c the degree part of (T/B,gc). Notice that if C is also bounding, then all 
graded parts of (T/B,gc) are finite dimensional. 

Theorem 5.6. Let C be a bounding periodic cut in Q and B < Lc be cofinite. 

(a) (T/B,gc) is bimodule (n + T)-Calabi-Yau of Gorenstein parameter 1. 

(b) (T/B)c is an n-representation infinite algebra whose preprojective algebra is T/B. 

We call the algebras (T / B)c in Theorem 15.61 n-representation infinite of type A. 
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Proof. By Lemma l5T3l there is a subgroup H of SL„ + i (K) such that Y/B = S*H. This implies that 
Y/B has a canonical projective (r/B) e -resolution that we now recall following [BSWj (compare 
also with [M| l 

Let R be the semisimple subalgebra K(Qo/B) of Y/B. We consider Y/B and K(Q/B) as 
i? c -modules. For every < m < u + 1 we denote by K(Q m /B), the i? c -submodule of K(Q/B), 
spanned by all paths of length m. Let v G Qo/ B, < i\ < . . . < i m < n and set / = . . . , i rn }. 
For every a G S m let Wj(o~) be the path ■ • • S^^j from TJ to TJ 7 := T? + Y^ijLi an< i se ^ 

< := £ sgn(aK(a). 

<x6S m 

Let W m be the span of {w} \ v G Qo/B, \I\ — m} in K(Q/B). Observe that W m is in fact a 
i?°-submodule of K(Q rn /B). 
Define 

d m : r/B ® fl K(Q m /B) ® R Y/B -> r/S ® H K{Q m ^/B) ® R Y/B 

by 

d m (a; <g> 6 X • • • 6 m (g) y) = xb\ <g> 6 2 • • • b m ® y + (-l) m a; ® &i • • • & m -i ® &m2/- 
Next define the (r/B) c -module complex P as 

r/B ® fl ® fl Y/B ^ ■ ■ ■ ±> Y/B ® R Wo ® fl Y/B. 

By jBSWj the complex P is a projective resolution of Y/B G Mod(T/B) . Let F* be the (T/B) - 
dual of P. Then there is an isomorphism tp: P[—n — 1] — >• P* where 

<^ m : r/fl ® R W„+i_ m ® fl Y/B -> Hom (r/s) o (T/fl ® R PF m ® fl r/B, (r/B) c ) 

satisfies 

(g> if = v 1 and J = {0, . . . , n} \ I 



(ip m (l giw^® 1))(1 ®w v j <g> 1) 



otherwise. 



Now we take the grading into account. We consider K(Q/B) to be graded by gc- Each of the 
paths w^(cr) can be completed into a small cycle and so has degree 1 or 0. Moreover, w^(a) does 
not depend on a as an element in Y/B and so neither does its degree. Hence wf is homogeneous of 
degree 1 or 0. Thus W m is a graded subspace of K(Q/B) and so each term in P is a graded (r/B) e - 
modulc. The differential d m is homogeneous of degree and thus P is in fact a complex in Gr(r/B) e . 
Moreover, ip is homogeneous of degree —1 so RHom( r / B )c(r/B, (r/B) c ) = Y / B[— n — 1](1). Hence, 
Y/B is (n + 1)-Calabi-Yau of Gorenstein parameter 1. 

By Theorem 14.351 (Y/B)c is n-representation infinite. □ 

Example 5.7. Let n = 1. Then Y is the preprojective algebra of type A^. For any cut C the 
quiver Qc is a quiver of type ^4^. In fact, the map C H> Qc provides a bijection between cuts 
and orientations of A^. Moreover, C is periodic if and only if Qc has periodic orientation. Hence 
the algebras (Y/B)c, for C periodic, are precisely the path algebras of quivers of type A. Also C 
is bounding if and only if (Y / B)c is finite dimensional. Thus the 1-representation infinite algebras 
of type A are precisely path algebras of quivers of type A with acyclic orientation. 

For n = 1, the two alternating orientations of A^ are special in that they allow no paths of 
length 2. We obtain these orientations by choosing the cut C to consist of all arrows that start at 
the vertices of the form (2t, — 2t) or (2t + 1, — 2t — 1), respectively. We proceed to generalize these 
cuts to arbitrary n. 

Example 5.8. Define the group morphism w. L — > Z/(n + 1)Z by w(o;,) = 1 for any i. Let 

k G Z/(n + 1)Z and set 

Cfc = {a-i ■ v —t (v + a/) | lo(v) — k, < i < n} 
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Let i n+ i e {0, . . . , n}, v e Qq and consider the path p = ■ ■ ■ Oj B+1 from w to w +52j=i a ij ■ 

It passes the vertices v m := v + Y^JLi a ij where < m < n + 1. Since uj(v m ) = oj(v) + m, there 
is precisely one < m < n such that oj(v m ) = k. Hence precisely one of the arrows in p is in Ch- 
in particular, Ck is a bounding cut. In fact, Ck is extremely bounding in the sense that all paths 
in Qc k have length at most n, which is the smallest possible bound for any cut. For each v £ Qq 
and A G L we have lj(Xv) = lu{v) + uj(X) and so XCk — Ck+ U (\)- Thus Lc k = kerw. In particular, 
Lc k is cofinite and Ck is periodic. 

For n = 1 the cuts Co and C\ give rise to the two alternating orientations: 

••• (-2,2)' ~ (-1,1) I 1 (0.0)1 "(1.-1) 1 t ( 2 >- 2 ) 

and 

••• (-2.2) 2 1 (-1. 1 ) ^(0.0) 1 ^ (l.- 1 )', ~(2.~2) 

where the bold lines indicate arrows in Co and C\ respectively. For n = 2, Co is the following cut: 



\/\/\/\/\/ 

/V\27v\ 

ATT/ 
7\ /\7'\/\ A 



In general, we have that (T/B)c h — (T/B)c for all cofinite B < keiu and k G Z/(n + 1)Z, 
so we may fix fc = 0. Let us consider the extreme case when B = kerw. We identify Qo/B with 
Z/(n + 1)Z via w, and denote the arrows in Q/i? by a*: k — >■ k + 1, where fc 6 Z/(n + 1)Z and 
i 6 {0, . . . ,n}. In (T/B)c we have the relations a^a^ +1 = a*a^ + . Furthermore Co/5 is precisely 
the set of arrows {a | < i < n} and so (T/B)c is the Beilinson algebra: 



°0 




Notice that if n = 1, then (T/B)c is the Kronecker algebra. 

Observe that the quivers of n-representation infinite algebras of type A are acyclic. In fact, 
all examples of n-hereditary algebras that we are aware of share this property. Thus we end this 
section by the following experimental expectation. 

Question 5.9. The quivers of n-hereditary algebras are acyclic. 

5.1. Relationship to n-representation finite algebras of type A. In [IQ1J the class of n- 
representation finite algebras of type A was introduced. We shall now compare it to the class of 
n-representation infinite algebras of type A defined above. Let s be a non-negative integer and set 

L = {(vq, . . . , v n ) £ Qo | Vi > for all < i < n — 1 and v n > — s}. 

Notice that L consists of the lattice points of an n-simplex in V with corners s(ej — e n ). Let 
/ be the ideal in T generated by the primitive idempotents corresponding to L \ L a . Then the 
algebra T := T/I is isomorphic to the algebra A(™ :S+1 ) defined in |IQlj (compare also |HI1| ). In 
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particular, T° is a finite dimensional selfinjective algebra. For simplicity we will ignore the trivial 
case of s — and assume from now on that s > 0. 

Let Q° be the full subquiver of Q with vertices L . Then Q° is the quiver of T°. We call 
C° C Qi a restricted cut if C° contains precisely one arrow from every small cycle contained in 
Q°. As before C° defines a grading on T° and we denote the degree part by r^ . The algebras 
r^o are (up to isomorphism) precisely the n-representation finite algebras of type A defined in 
[IOlj . Here is an example of Q° with a restricted cut C° indicated in bold for n = 2 and s = 2. 




/\/\ 

The sides of this triangle extend to lines in the plane. The affine reflections in these lines induce 
automorphisms of Q. Taking the union of all orbits of arrows in C° with respect to the group 
generated by these affine reflections we get the following cut C in Q: 



" /vy\/y\7\ " 
'\7\7\ A /vv 

' " A7\7\/\7\7\ " 

We will show that any restricted cut C° can in a similar way be extended to a bounding 
periodic cut C for arbitrary n and s. Our aim is to apply this construction to prove that every 
n-representation finite algebra of type A is a factor of an n-representation infinite algebra of type 
A by an ideal generated by some idempotent: 

Theorem 5.10. Let s be a non-negative integer and C° C Q\ a restricted cut. Then there is a 
bounding periodic cut C in Q, a cofinite subgroup B < Lc and an idempotent e G K(Qq/B) such 
that (r/B)c/(l — e) is isomorphic to Tq . 

We start by generalizing the group of affine reflections. We consider the group of affine trans- 
formations on V as a semidirect product Aff(T^) = V xi GL(V^), where the GL(V)-action on V is 
the natural one. For every i,j € {0, . . . ,n} define pij G GL(V) by 

{ctj k = i 
on k=j 
ah i^k^ j. 

It is well-defined since it is compatible with the relation a% = 0. The corners of L generates 
the sublattice sL := {s\ \ A G L}. For each x G sL define pfj = Aff(V) by p'fj(v) = pij(v — x) + x. 
Now set 

R={pij\0<i,j <n) <GL(V), 
Ras = (pfj | < %,j < n, x G sL) < AS{V), 
T = (s(a t - ctj) | < i y^j < n) < L. 
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By a change of coordinates we will show that the above groups are isomorphic to the Weyl group, 
afhne Weyl group and root lattice associated to respectively. For this purpose denote by s a ^, 
the reflection in the hyperplane H a j — {v G V (v, a) = £} for a G $ and I € Z. Set s a = s a _Q 
and define 

W = (s a a G $) < GL(V), 
Was = (s a ,e I a G I G Z) < Aff(V) 
Let T be the automorphism of V defined by 

T ("fe) = - ( -e k H ^— V ei ) 

s \ n + 1 ' / 

\ »=o / 

and define the automorphism T: AfF(V) -> Aff(V), by T(/) = T^/T. 

Lemma 5.11. In i/ie notation above T(W) — R, T(L) — T, and T(Wa£t) = Ras- Moreover, 
R AS = TxR. 

Proof. Let i, j, k G {0, . . . , n} and write ptj (oik) = ay ■ Set a — ei ~ ej G <&. Since s a is induced by 
the automorphism of R" +1 that permutes the standard basis vectors by transpositioning a and ej 
we obtain 

s a (T(a fc )) = ~ f-e^ + — j-y Xj ei J = T ( afe ') = T (Pij 

so T(s a ) = pij and T(W) = R. 

Next notice that T(s(aj — a,-)) — ej — e; and so T _1 ($) generates T as an abelian group. Hence 
T sends the translations by elements in L to the translations by elements in T . 

Since Was = L X W [El 4.2], we have f(W A s) = TxR. Observe that 

Piji v ) = Pij( v ~x) + X = Pij(v) + X - Pij(x). 

For x = sctk we find 

fs(cti — otj) k = i 
s{a - 014) k = j 
i ± k + j, 

so {x - Pij (x) \x <EsL}=T. Hence R A s = T xi R = f(W A s)- □ 

The 7?Aff -action on V induces an i?Aff-action on Qq. This extends uniquely to an i?Aff-action 
on Q. In particular Ras acts on the paths of Q and this induces an action on E, the set of small 
cycles in Q. Let E° be the subset of small cycles contained in Q°. 

Lemma 5.12. The sets Qq, Q° and S° are fundamental domains for the RAS~o,ctions on Qq, Q\ 
and £ respectively. 



Proof. By |Hu[ 4.5] Was acts simply transitively on the set of alcoves, which are the connected 
components of V \ [J a e fl a ,i with fundamental alcove 

A = {v G V | (v, a Q ) > -1 and (v, 014) > for all 1 < i < n}. 

Moreover, its closure A is a fundamental domain for the WAff-action on V [Hu, 4.8]. 
Let v G V and write v = y~] k _-, mfcY(afc). Then 

, . m„ mi mi_i - mi 

(w,aoJ = , (w,ai) = and (v,ai) 



s s 
for all 2 < i < n. Thus u G j4 q if and only if > mi > • • • > m n > — s and 



fc=i 



> mi > • • • > m„ > — s j 
{v G V I > for all < i < n — 1 and v n > — s}. 
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Hence L Q = Y _1 (.A ) n L and so Qq is fundamental domain for the i?Aff-action on Qq, by 
Lemma 15.111 Let ? be a small cycle and X C V the set of vertices that it passes. Since TX 
does not lie in any hyperplane it contains a vertex T(y) that lies in some alcove. Since Was acts 
simply transitively on the set of alcoves there is a unique w € Was such that wT(v) G A G . By 
Lemma [5. Ill r = T(w) £ Ras and 



> mi > • • • > m„ > — s > , 



I fc=i 
which implies 

rJ G < ^> TOfcQfc > mi > • • • > m„ > — s > D L = L Q 
I fe=i J 

Since every small cycle is determined by the vertices it passes we obtain that S° is a fundamental 
domain for the i?Aff-actions on E. 

Every arrow appears in some small cycle and is determined uniquely by its starting point and 
endpoint. Hence Q° is a fundamental domain for the i?Aff-actions on Qi. □ 



Lemma 5.13. Let C° be a restricted cut in Q° and set C — RasC° . Then C is a bounding 
periodic cut with s(n + l)Lc < T < Lq- 

Proof. By Lemma 15.121 each small cycle has a unique arrow in C. Hence C is a cut. Moreover, 
Ras acts on Qi \ C with fundamental domain Q\ \ C°. 

Now let p be a path of length I > 1 in Qc- Its orbit under i?Aff is a path of length I in Q/Ras 
and so corresponds to a path of length I in . But in Qq every path has length at most sn so 
the same holds for Qc and thus C is bounding. 

Since C = R A sC° and T < R A s we have T < L c . By 

n n 

s(otj — cti) = s(n + l)ctj — s cti — s(n + l)aj 
we have s(n + l)Lc < T. It follows that Lc is cofinite and so C is periodic. □ 



Now we are ready to prove Theorem 15.101 



Proof of Theorem \5. 1(A The claim is well-known for the case n = 1 so we assume that n > 2. Take 
C = RasC and B — s(n + 1)L. Then by Lemma[5T3j C is a bounding periodic cut and B < Lc- 
Let e G K(Qo/B) be the sum of the idempotents corresponding to the vertices in (BQq)/B. 

We claim that for any ^ A G B we have Qq Pi AQq = and there are no arrows between Qq 
and AQq in Q. Assume on the contrary that there are v,v' G Qq such that either v = \v' or there 
is an arrow between v and Aw'. Since v, v' G Qq we may write 

n 

v - v' = ^ m k a k , 
fe=l 

for some unique — s < m/. < s. On the other hand A = v — v' or A = v — v' ± en for some i which 
implies A = as A G s(n + 1)L C (s + 2)L. 

It follows that sending paths to their £?-orbits defines a bijection between the paths in Q° and 
the paths in Q/B that pass only through the vertices in (BL )/B. Hence there is an isomorphism 
<fi: L° — > (T/B)/(l — e) sending vertices and arrows to their orbits. Since tfi is homogeneous of 
degree it induces an isomorphism from T c to (T/B)c/(1 — e). □ 
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6. NON-COMMUTATIVE ALGEBRAIC-GEOMETRIC APPROACH 

'Non-commutative algebraic geometry' has been a source of methods and ideas in representation 
theory. One important example is Geigle-Lenzing's theory of weighted projective curves, where 
representation theory of canonical algebras is controlled by the geometry of weighted projective 
curves. On the other hand, Nakayama functors are nowadays regarded as an analog of canonical 
sheaves over algebraic varieties since they play a similar role in derived categories. This point was 
recently developed further by Minamoto [M] . He introduced a class of finite dimensional algebras 
called "Fano algebras" , which are analog of Fano varieties from the viewpoint of the behaviour of 
the Serre functors. Our n-representation infinite algebras are closely related to Minamoto's "Fano 
algebras of dimension n" . Precisely speaking, n-representation infinite algebras are "extremely 
quasi- Fano algebras of dimension n" in [MM] . The aim of this section is to show that the category 
3?, of n-regular modules is equivalent to the category qgr II, which should be understood as the 
category of coherent sheaves of dimension zero over the non-commutative projective scheme qgr n 
in the context of Artin-Zhang's theory }AZj . 

For a graded if-algebra T, we denote by qGrT and qgrT the quotient categories of GrT and grT 
(see Section [LT|) by the subcategory of torsion modules. One of the main results in [M] is that, for 
any n-representation-infinite algebra (or more generally, "quasi-Fano algebra of dimension n" ) A, 

L 

and its preprojective algebra II, there exists a triangle equivalence II ®a — : D(Mod A) « D(qGr II) 
which makes the following diagram commutative: 

L 

D(Mod A) "® A ~ > D(qGrn) 

(i) 

I 

D(Mod A) — > D(qGrn). 

He also gave a version of this equivalence for bounded derived categories of finitely generated 
modules, which is more subtle and plays an important role in our study in this section. Let us 
introduce some terminology. 

We denote by (D-°(mod A), D-°(mod A)) the standard t-structure |BBD] of D b (modA), and 
similarly by (D-°(qgrn), D-°(qgrn)) the standard t-structure on D b (qgrn). We define full sub- 
categories of D b (mod A) as follows: 

£T<° : = {X e D b (mod A) | v~\X) e D^°(mod A) for i » 0}, 
&>° ■= {X e D b (mod A) | v~ i {X) 6 D-°(mod A) for i > 0}. 

Now we can state Minamoto's result: 

Theorem 6.1 ([Ml Theorem 3.7]). Let A be an n-representation-infinite algebra and II the pre- 
projective algebra. Then II is left graded coherent if and only if , is a t-structure of 

L 

D (mod A). In this case, we have a triangle equivalence n<S>A — : D (mod A) « D (qgrn) which 
makes the following diagram commutative 

L 

D b (mod A) " 8a ~ » D b (qgrn) 

(i) 

L j 

D b (mod A) " 8a ' ; D b (qgrn). 

and induces equivalences w D-°(qgrn) and ~ D-°(qgrn). 

6.1. Description of n-regular modules. Throughout this section, let A be an n-representation 
infinite algebra and n the preprojective algebra of A. In this section, we will see that methods 
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from non-commutative algebraic geometry are quite useful in the study of the category 3% in terms 
of the preprojective algebra II. 

Throughout this section we assume that II is left graded coherent. We identify D b (qgrII) with 
D b (mod A) by the triangle equivalence given in Theorem 16. II Then we have the identifications 

(1) = is' 1 , D^°(qgrn) = D^°(qgrn) = , and 

qgrll = £T<° n £T>" = {X G D b (mod A) | v- l {X) G mod A Vi > 0}. (6.1) 

Following tradition in (non-commutative) algebraic geometry, we denote by O the image of II 
in qgr II. For a set / of integers, let 

0(1) := add{0(i) \ i€l}. 
Since i/~'(A) = 0(i) for any i G Z, we have 

9/ = O(Z), ^ = O(Z> ) and J^[-n] = 0(Z <O ). 
Moreover we have the following observations. 

Proposition 6.2. (a) # n qgril = J?[-n] V ^ V ^. 

(b) D^°(qgrn) D D-°(mod A) and D^°(qgrn) C D-°(mod A). 

Proof, (a) We have = \f eEZ {3* V ffl V >)[£n] by Theorem I4TP71 Moreover we have 

v-\X) d @> (i » 0) Vie ^[-n] by definition, 

^~ 4 (^) C ^ (i > 0) by definition, 

v^{M) C St (i > 0) by Proposition EUl 

Thus the assertion follows. 

(b) Since we have D D^°(mod A) and C D^°(mod A) by Proposition^ we have the 
assertions. □ 

Lemma 6.3. The following subcategories o/D b (modA) = D b (qgrII) are the same. 

(a) mod An qgr II. 

(b) {X G mod A | Vi > 0: v'^X) G mod A}. 

(c) {X G mod A | Vi < n: ExtX(Jf,X) = 0}. 

(d) {X G qgrn Vz > : Ext* grII (0,X) = 0}. 

(c) {X 6 qgrn | Vi > 0: Ext; grn (O(Z< ), X) = 0}. 

Proof. By Proposition I2.3f a - ), if X and v~ l {X) belong to mod A for some i > 0, then v~i(X) G 
mod A for any j with < j < i. Thus (a) and (b) are the same by the description (|6.1I) of qgr II. 
(b) and (c) are the same by Lemma 14.161 and Observation 14.81 

For any X G mod A n qgr II, we have Ext* grn (C>, X) = Ext\(A,X) = for any i > 0. Thus 
(a) is contained in (d). If X G qgr II satisfies Extq grn (C, X) = for any i > 0, then X G 
D-°(mod A) n qgrll C D-°(mod A) n D-°(mod A) Hqgrn = mod An qgrn by Proposition [6T2VbL 
Thus (a) and (d) are the same. 

Finally the category (e) is also the same since it is clearly contained in (d) and conversely any 
X G mod A n qgrn satisfies Ext* grn (O(Z <0 ), X) = Ext£ +< (^,X) = for any i > by (c) and 
hence belongs to the category (e). □ 

We introduce non-commutative analogue of local cohomology |AZ[ IBH1 IBV) . 

Definition 6.4. Let V = © i>0 r$ be a graded if-algebra with dimT^ < oo for any i > 0. For 
A" € grT, we define the i-th local cohomology by 

Ri(X) : =lim0ExtMr <j ,X^)), 
where the symbol m refers to the ideal © i>0 I\ of T. 
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Define the dimension of X by 

dim AT := sup{i > | B^(X) ^ 0}. 

For each i > 0, define the full subcategory of grT by 

gr £ T := {X G grT | dimX < £} 

and let qgr^_ x T be the corresponding full subcategory of qgrT. 

Now we have the following description of n-regular modules. 

Theorem 6.5. Let A be an n-representation infinite algebra, the category of n-regular modules 
and II the preprojective algebra of A. Assume that II is left graded coherent. Then 

M = qgr n. 

Let us start by recalling the following basic result, where we for i > write 

m\0,X) :=®Ex4 rn (0, 

Proposition 6.6 ( [BV[ Lemma 4.1.5]). For any X G grll, we have an exact sequence 

-)• H° m {X) -)• X ->• Hom(C, X) -> H^(X) -> 
and an isomorphism Ext 'fO. X) — > HJ+^AT) /or any i > 1. 

This immediately gives us the following description of qgr £ II. 
Lemma 6.7. For any I, we have 

qgr.n = {X G qgrn | Ext l qgrII (0(Z), X) = W > 

Proof. We have 

dim AT < ^ + 1 <^ Hj+^X) = V i > I 

Ext'fO, X) = V i > £ by Proposition 161)1 

<J=^ Ext; grn (C(Z),X) = V i > i. 
Thus the assertion holds. □ 

Now we are ready to prove Theorem 16.51 
Proof of Theorem 1 6. 51 We have equalities 

M = {X G mod A Extl~\y,X) = = Ext A (^, A") = Vi > 0} by Observation Ol 

= {l£ mod An qgrn | Ext A (^,X) = Vi > 0} by Proposition IQa) and (c), 

= {X e mod An qgrn | Ext* grII (e>(Z> ), AT) = Vi > 0} since = O(Z> ), 

= {X G qgrn Ext* grn (0(Z),X) = Vi > 0} by Proposition IO>l and (e), 

= qgr n by Lemma loTTl 

Thus the assertion follows. □ 
As an application, we have the following result. 

Corollary 6.8. The following full subcategories o/D b (qgrn) are the same. 

(a) J[-n\ V & VM. 

(b) %fnqgrn. 

(c) O(Z)Vqgr n. 

(d) {X G qgrn | Vi G {2, . . . ,n} : H^(A) - 0}. 
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Proof, (a) and (b) are the same by Proposition ^. 2f a) , and (a) and (c) are the same by Theorem l6.5l 
We will show that (b) is equal to (d). For A £ qgrll, we have 

l£?<^ Ext* grn (C>(Z), A) =0Vl<i<n-l since J[-n\ V &> = 0(Z), 

^ B^ 1 (X) = 0Vl<i<ti-l by Proposition HH 

Thus the assertion follows. □ 

We end this section with posing the following conjecture, which we believe to be true from our 
experience in the classical case n = 1. 

Conjecture 6.9. 5% is non-zero for any n-representation infinite algebra. 

When II is left graded coherent, then by Theorem l6.5l this is equivalent to asking for the existence 
of A G grj II which is infinite dimensional. We will see in Corollary 16.131 that Conjecture 16.91 
has a positive answer for n-representation tame algebras, which are the main object in the next 
subsection. 

6.2. n-representation tame algebras. In this subsection we introduce a class of n-representation 
infinite algebras which we can control. Recall that a ring T is called a Noetherian R-algebra (or 
simply Noetherian algebra) if R is a commutative Noetherian ring and T is a finitely generated 
l?-module. If T is a Noetherian algebra, then it is a Noetherian Z-algebra for the center Z of T. 

Definition 6.10. We say that an n-representation infinite algebra A is n-representation tame if 
its preprojective algebra is a Noetherian algebra. 

The name is explained by part (a) of the following example, which tells us that representation 
tame path algebras are 1-representation tame. 

Example 6.11. (a) The path algebra KQ of an extended Dynkin quiver Q is 1-representation 
tame. In fact II is Morita equivalent to the skew group algebra K[x,y] * G of a finite 
subgroup G of SL2(A"), and this is a finitely generated module over the invariant subring 
K[x,y] G which is Noetherian. 
(b) Any n-representation infinite algebra of type A, as introduced in Section[5j is n-representation 
tame. In fact II is isomorphic to the skew group algebra K[xq, . . . , x n ] *H of a finite abelian 
subgroup H of SL n+ i(K) by Theorem 15. 61 and Lemma 1531 and this is a finitely generated 
module over the invariant subring K[xo, . . . , x n ] G which is Noetherian. 

We can control modules over a Noetherian algebra by using techniques from commutative alge- 
bra. For example, the dimension introduced in Definition 16.41 turns out to be the Krull dimension: 

Proposition 6.12. Let T and X be as in Definition \6.4\ Assume that T is a Noetherian R-algebra 
for a graded K-subalgebra R ofT. Then the dimension dim A given in Definition \6.4\ coincides 
with the Krull dimension drniR X of the R-module X . 

Proof. Clearly we have H^(A) = lim Homjj(R < j , A). Taking right derived functors, we have 
IT m (A) = lim. Ext^,(i?<j, A). Thus the assertion follows from BH, Theorem 3.5.7]. □ 

As an application, we give some consequences of results in the previous subsection. 

Corollary 6.13. Let A be an n-representation tame algebra over a perfect field K . 

(a) We have dimi? n > n + 1 for any maximal ideal n of R such that II n ^ 0. 

(b) The category 2$, is non-zero. 

(c) An object X 6 qgrll satisfies W m (X) — for any 1 <i<n if and only if X G O(Z). 

Part (b) above gives a positive answer to Conjecture 16.91 Part (c) gives a non-commutative 
generalization of Horrocks criterion for projective spaces |OSS[ Theorem 2.3.1]. 
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Proof, (a) By Proposition 14. 34[ we have 

Hom D(Modn )(^,n[i]) = DHom D(Modn) (n[i],X[n + 1]) = 

for any X E D|° n (Mod n) and < i < n. Now let X :^U® R R/n E D|° n (Mod II). Then 
Ext}j(i?/n,II) = Hom D ( ModJ j)(iJ/n,n[»]) = Hom D ( Modn )(X,II[i]) = 

for any < % < n. Thus we have dimi? n > depth II n > n. 

(b) There always exist a graded Id-module X with dim^X = 1. 

(c) If X E O(Z), then X E grprojn and we have Ext^n^X) = D Ext£ +1_i (X, n<j) = for 
any i < n + 1 by Proposition 14.341 Thus we have HJ n (A) = for any i < n + 1. 

Conversely, assume W m {X) = for any 1 < i < n. By Corollarv l6.8[ we have X E O(Z)Vqgr II. 
If X has a non-zero direct summand Y in qgr n, then dim^ X = 1 by Proposition 16.121 and we 
have Hj^Y) ^ 0, a contradiction to Hj n (X) = 0. Thus we have X E 0(Z). □ 

In this section, we describe the category of n-regular modules over an n-representation infinite 
algebra in terms of the categories of finite dimensional modules over certain infinite dimensional 
algebras associated with the preprojective algebra. 

In the rest of this section, let T = ® i>0 be a graded isT-algebra such that dim^ I\ < oo for 
any i. Assume that T is a ring- indecomposable Noetherian i?-algebra for a graded if-subalgebra R 
of r. Then Rq is a finite dimensional local AT- algebra. Moreover we have the following observation. 

Proposition 6.14 (e.g. |BH1 1.5.5]). Under the above assumptions, R is a finitely generated K- 
algebra. 

Proof. For the convenience of the reader, we include a proof. Clearly dim^ Ri < oo for any i > 0. 
In particular we only have to show that R is a finitely generated i?o-algebra. Assume that R is 
not finitely generated. Then we can choose an infinite sequence (01,02,03, . . .) of homogeneous 
elements in R satisfying the following conditions: 

• ai E Rdi and 1 < d\ < d% < d% < ■ ■ ■ . 

• R = R [ai,a 2l a 3 , . . .] and a l+1 R [ai,a 2 , . ■ . ,o,-]. 
Then we have 

di+i— 1 

Ro[ai,...,a e ] D R,. (6.2) 

2 = 

We show that ag + i does not belong to the ideal of R generated by ai, . . . , ag. Otherwise there exist 
homogeneous elements b±, . . . , bi E R such that 

a e+ i = 01&1 H h aib e . (6.3) 

Clearly the degree of each 6, is smaller than di+\. By (|6.2[) . we have bi E Ro[ai, . . . ,ag]. This 
implies a£ + i E i?o[ a i: ■ • ■ ,0-i] by (|6.3I) . a contradiction. 
Thus we have an infinite increasing chain 

(ai) C (oi, 02) C (ai, a 2 , a 3 ) C • • • 

of ideals of R, a contradiction. □ 

As usual we denote by Spec R the set of all prime ideals of R and by MaxSpec R the set of all 
maximal ideals of R. We denote by R + := ® i>0 Ri, and by m the unique maximal prime ideal of 
R containing R + . We denote by Proj R the set of all homogeneous prime ideals of R not containing 
©i>o an d by MaxProj R the set of maximal elements of Proj R with respect to inclusion. 

For X E grT, we denote by Supp fl A the set of all p E Speci? such that X p ^ 0. For 
p E MaxProj R, we denote by gr p T the full subcategory of gr T consisting of X such that Supp fl X C 
K(p):={qeSpecE|pcq}. 

We need the following preparation. 

Lemma 6.15. (a) For any p E MaxProj R, the ring R/p has Krull dimension one. 
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(b) For X £ mod T the following are equivalent: 

• X £ fd T; 

• X has finite length as a T -module; 

• X has finite length as an R-module; 

• Supp fl X C MaxSpec i?. 

Proof, (a) This is well-known |BH1 Theorem 1.58]. 

(b) Since R is a finitely generated AT-algebra by Lemma 16.141 any simple i?-module is finite 
dimensional. Thus X is finite dimensional if and only if it has finite length as an i?-module. It is 
clear that X has finite length as an i?-module if and only if Supp fl X C MaxSpec R. 

If X has finite length as an R- module, then it clearly has finite length as a r-module. It remains 
to show that any finite length r-module has finite length as an i?-module. We only have to show 
that any simple r-module X has finite length as an i?-module. We know that R/ ann^X is a 
subring of Endr(X), which is a division algebra. Since Endr(X) is a finitely generated i?-module, 
the ring Rj annjjX has to be a field. Thus X is a finitely generated R- module annihilated by a 
maximal ideal, so it has finite length as an i?-module. □ 

We have the following decomposition of qgr T. 
Proposition 6.16. We have qgr T = U peMaxProj R qgr p T. 

Proof. Clearly we have Hom qgr r(X, Y) = for any X £ qgr p T and Y £ qgr q V with p ^ q. 

Thus we only have to show that, for any X £ gr 1 T without non-zero finite dimensional sub- 
modules, there exists T-submodules Xi, . . . ,Xg satisfying the following conditions: 

(i) For any i = 1, ...,£, we have Xj £ qg r Pi T for some pi £ MaxProj R. 

(ii) EU X i = 0ti X i and dim^(X/ ff =1 Xi) < co. 

Then we have X — ®i=i x i i n qg r T- 

Let Supp R X = Uf = i V(pi). For i = 1, ...,£, let 

where Y runs over all T-submodules of X such that Supply C V(pi). Then Supp^Xi C V(pi), 
so (i) holds. Now we show (ii). By Lemma IB. 15f b). we only have to show Supp fi (X/ Ei=i X i) c 
MaxSpec R. Since 

i i 
Supp^X/^X*) c f) Supp fl (X/X i ), 
i=l i=l 

we only have to show pi ^ Supp^.(X/Xi). Assume pi £ Supp fi (X/Xj). Then pi also belongs to 
the set of associated prime ideals AsSfl(X/Xj), since minimal elements in Supp i? (X/Xi) belong to 
Ass^(X/Xi). Thus we have an element x £ X such that the image x £ X/Xj satisfies iSr = i?/pi. 
Let Y := Xi + Fx. Then F/X^ = Fx is annihilated by pi, so we have Supp fl (F/X l ) C V(pi). This 
implies Supp fl Y C V^(pi), a contradiction to the maximality of Xi. □ 

Next we show that the category qgr p R has a very simple description for any p £ MaxProj R. 

For any p = ®i >0 pi £ Proj R, we denote by R[ p ] the localization of R with respect to the 
multiplicative set consisting of homogeneous elements in i?\p. Clearly Rm has a structure of a 
graded K-algebra i?[ p ] = 0, e z-R[p],i- We let i?( p ) := -R[ p ].o- In other words, 

■%>] 3 i?( P ) := i?i(i?i\p) _1 . 

i>0 
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Similarly we define T[ p ] and T^), and also and -X"(p) for X G grT: 

r [P] := r ® R r [p] d r (p) : = £ r 4 (PApr\ 

i>0 

X [p] X ® fl R [p] d X (p) := ^X 4 (i?Ap) _1 - 

Clearly this gives a functor (— )(p) : grT — >• modr( p ), which is the composition of (— )[pi : grT — > 
modr[ p ] and (— )o : modr^] — > modr( p ). Since X p = holds for any X 6 grT which is finite 
dimensional, we have an induced functor 

(-)(p): qgrT modr (p) . 

It is easily checked that this functor is exact and dense. When p G MaxProj R, we have the 
following much stronger result. 

Theorem 6.17. Assume that T is generated by T$ and T\ as a K-algebra. Then for any p G 
MaxProj R, the functor (— )( p ) induces an equivalence qgr p r — > f d I\ p ). 

First we observe the following easy property of rVpi. 

Lemma 6.18. Assume that T is generated by Tq and Ti as a K-algebra. 

(a) We have rVpi^rVpi j = T( p ) for any i G Z. 

(b) We have T[ p j(i) G add gr r [p] (r[ p j) for any i e Z. 

Proof, (a) By our assumption, we have 1^1^- = for any i,j > 0. Take r G PAf> with I > 0. 
Since r % G Tn — r^_Ti, we have 1 G (I\£_ir~ l ) • Ti C T[ p ] _T[p],i- Thus we have the assertion for 
i > 0. The case i < follows similarly. 

(b) We can identify Hom gr r [p] (T[ p ] (z), T[ p ] (j)) with ~^[p],j-i- Then the equality in (a) shows 
Hom grr [p] (r[ p ](i),r [p] ) •Honi gr r [p] (r[ p ],r [p ](i)) = Endg r r [p] (r [p ](i)). This implies the assertion. □ 

Now we denote by grfd T[ p ] the full subcategory of grr[ p ] consisting of degreewise finite dimen- 
sional modules. We have the following equivalence. 

Proposition 6.19 (cf. |NV1 Theorem 1.3.4]). Assume that T is generated by Tq and Ti as 
a K-algebra. We have an equivalence (-)o'. g r r[p] — > modT^) which induces an equivalence 

(-)o: grfdr [p] ->fdr (p) . 

Proof. We show that the functor T[ p ] <8>r (p) — ■ mod T( P ) — > gr T[ p ] gives a quasi-inverse. Clearly the 
composition (r^j ®r (p) — )o is isomorphic to the identity functor on modr( p ). 

We have a morphism a: T^ ®r (p) (Ho ~^ idg r r [p] of functors on grTfp] given by ax ■ T[p] ®r (p) 
Xq — > X where ax (7 <8> x) = jx for any 7 G T[p] and x G Xq. Clearly ax is an isomorphism if 

X G add gr r [p] (P[p]). For arbitrary X G grF[ p ], there exists a projective presentation P' 4 P A 
X -> in grr [p] with P,P' G add gr r [p] (r [p] ) by Lemma \6AMb)- Applying r [p] (8>r (p) (-)o, we have 
a commutative diagram 

rr p i®g n rr p i®/ 

r w ®r w PL r [p] ® r(p) p . r [p] ® r(p) x - o 

( o-pi 1 a P a x 

\ 9 * / 

P' ^ P ^ X ^ 0, 



where the left and middle vertical maps are isomorphisms. Thus ax and hence a is an isomorphism. 

Clearly (— )o gives a functor grfd T[ p ] — > fd r( p ), and F[ p ]®r (p) — gives a functor fd T( p ) — > grfd T[ p ] 
since T^^ is a finitely generated right F( p )-module by Lemma l6.18f b). Thus we have an equivalence 

g rfdr [p] -^fdr (p) . ' □ 

We also need the following elementary observations. 
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Lemma 6.20. Let p € MaxProji? and X G gr p L. Assume that X does not have non-zero finite 
dimensional submodules. 

(a) Any element in R\p is X -regular. 

(b) For any r G Ri\p, the map r: Xi — > Xi + i is bijective for any i 0. 

(c) The natural map X —> Xr p i induces an isomorphism Xi — > Xr p i $ for any j > 0. 

Proof, (a) Fix r G R\p and assume rx — for some x G X. Then Tx is annihilated by (rj+ann^ X, 
so it is supported only by maximal ideals of R. Thus Tx is finite dimensional by Lemma l6.15f b). 
and we have x = by our assumption. 

(b) Consider an exact sequence 

Since K and C are annihilated by (r) + ann^ X, they are supported only by maximal ideals of R. 
Thus K and C are finite dimensional by Lemma l6.15f b). and we have the assertion. 

(c) Pick r G Ri\p as in (b), and let a G Z such that the map r: Xi — > Xi+i is bijective for all 
i > a. We will show that the natural map Xi — > AW j is an isomorphism for any i > a. Any 
element of X[ p ] ;i can be written as xs _1 for some x G Xi + j and s G i? j \ p with j > 0. Replacing 
(x,s) by (xs £_1 ,s f ), we can assume that j is a multiple of £ By (a), the map s: Xi —> Xi + j 
is injective. Since i > a and j is a multiple of £, we have dimA^ = dim Aj+j. Thus the map 
s: Xi — > Xi + j is bijective. Hence there is y £ Xi such that ys = x, so xs -1 = y G X. □ 

As a consequence, we have the following equivalence. 

Proposition 6.21. The functor (— )[ P ] : grL — ► grL[ p ] induces an equivalence qgr p T — > grfdP[ p ]. 

Proof. Since all finite dimensional T-modules are annihilated by some homogeneous element in 
R\p, they are sent to zero by the functor (— )[pi- Thus we have an induced functor qgrT — > grT^j. 

In the rest, we fix a homogeneous element r G Re\p for some I > 0. We show A[ p j G grfd T[ p ] 
for any X G gr p V without non-zero finite dimensional submodules. By Lemma f6.20f c). we have 
dimA[ p ] A < oo for i > 0. Since we have an isomorphism r: Xm, — > A[ p ] i+ ^ for any i G Z, we 
have the assertion. Thus we have a functor (— )[ p ] : qgr p T ^ grfd r^j. 

We consider the functor (— )>o: grfdT[ p ] GrT sending Y = ieZ ii to Y> := i>o ^i- 
Since Y i+ e = rYi holds for any i G Z, we have that F>o is generated by Yo, Y\, ■ ■ ■ , Yf-i- ^Thus 
F>o G grT. Since any homogeneous element in R\p is (F>o)-regular, any associate prime ideal of 
Y>o is contained in p. On the other hand, since the Hilbert function of Y>o is bounded, the Krull 
dimension of Y> is at most one f |BHl Theorem 4.1.3]). Thus Supp ij .(F>o) C V(p), and we have 
Y>o G gr p T. Consequently, we have a functor (— )>q: grfdT[ p ] —} gr p T. We will show that the 
functors (— )>o and (— induce mutually quasi-inverse equivalences between grfd T[ p ] and qgr p T. 

For any X G qgr p T, the natural map X — > A[ p ] gives a morphism fix '■ X = A> — > {X[p])>o 
in qgr p r. This is an isomorphism in qgr p T by Lemma 16.20( c). Thus we have an isomorphism 
P ■ id qg r p r -> ((-)[p])>o of functors on qgr p T. 

For any A G grfd rr p i, we have a natural inclusion '■ (A>o)r p i —> A, which gives a morphism 
7: ((— )>o)[p] — ► id g rfdr [p] of functors on grfdr[ p ]. For any homogeneous element x G Xi, we have 
x = {xr J )r~ J where xr J G Xi + ij and r J G Rij\p. Taking j large enough, we have xr J G A>o and 
we have x G (A>o)[ p j. Thus jx is an isomorphism, and 7 is an isomorphism of functors. □ 

We have now completed the proof of Theorem 16. f 71 

Proof of Theorem \6.17\ We only have to compose the equivalences given in Propositions 16 . fTJl and 

Km □ 

Now we apply the above results to give a description of the category 

Again let A be an n-representation tame algebra, so the preprojective algebra LI is a Noetherian 
i?-algebra for a graded A-subalgebra R of n. Now we apply the above results to (L, R) := (H, R), 
which satisfies the assumption in Theorem 16. 1 71 
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Theorem 6.22. Let A be an n -representation tame algebra. Assume that the preprojective algebra 
II is a Noetherian R-algebra for a graded K-subalgebra R of II. Then we have 

m= [] fdn (p) . 

pGMaxProj R 

Proof. We have 

3% = qgr II by Theorem 16. 51 

= J J qgr p II by Proposition [fTTHl 

pGMaxProj R 

\\ fdn (p) by Theorem 

pGMaxProj R 

Thus the assertion follows. □ 

This is very similar to the well-known result in representation theory of tame hereditary algebras. 
We end this section by giving another property of n-representation tame algebras, which is 
analogous to the classical case n = 1. 

Corollary 6.23. Let A be n-representation tame. Then there exists a positive integer £ such that 
r t n {X)=X holds for any X £ Si. 

Proof. Without loss of generality, we can assume that X is indecomposable and that Y £ qgr p II 
corresponds to X. Since R is a finitely generated K- algebra, there exists I > such that R is a 
finitely generated i?o[^]- m odule, where Rq\Ri] is an i?o-subalgebra of R generated by Ri. Then 
for any p £ MaxProj R, there exists a homogeneous element r £ R?\p. The morphism r : Y —> Y(£) 
is an isomorphism in qgr II by Lemma [6T20jb) . This means X ~ t~ (X) in □ 

Example 6.24. (a) Let A be a path algebra of an extended-Dynkin quiver, which is 1- 
representation tame as we observed in Example 16. Uf a), and LT be the corresponding 
classical preprojective algebra. Then our description = qgr LT in Theorem 16.51 was 
already given by Lenzing [L] , and the decomposition of in Theorem 16.221 is well-known, 
(b) Let A be a Beilinson algebra of dimension n. This is n-representation tame as we observed 
in Example 16. 1 If b). and II is a skew group algebra S * H of a polynomial algebra S — 
K [xo, . . . , x n ] and a subgroup H of SL n+ i (K) generated by the scalar matrix diag(£, • • ■ , () 
where £ is an (n+ l)-th primitive root of unity. Then we have Si = qgr II by Theorem l6.51 
which is easily shown to be the same as qgr S = coho P". 

7. Derived and representation dimension of ^-hereditary algebras 

The notion of representation dimension was introduced by Auslander to measure how far an 
algebra being from representation finite. Let us start with recalling the definition. 

Definition 7.1 (Auslander [A2 ). The representation dimension of A is defined by 

repdim A := inf{gl.dimEnd A (A M © DA) | M £ mod A}. 

Auslander showed in |A2] that for a finite dimensional algebra A we have 

< 2 if A is representation finite, 
> 3 if A is representation infinite. 



repdim A 



We suspect that a similar statement holds for n-hereditary algebras. More precisely we conjecture 
the following: 



Conjecture 7.2. Let A be an n-hereditary algebra. Then 

< n + 1 if A is n-representation finite, 
> n + 2 if A is n-representation infinite. 



repdim A 
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By Auslander's result the conjecture holds for n — 1. We will see in this section that it also 
holds for n = 2. For n > 2 we show that the conjecture holds if A is n-representation finite or 
n-representation tame. 

We first observe that the statement for n-representation finite algebras follows immediately from 
earlier work: 

Proposition 7.3. Let A be an n-representation finite algebra. Then repdim A < n + 1. 

Proof. Let M be an n-cluster tilting A-module. Clearly we have A © DA £ add M. Moreover we 
have gl.dimEnd A (M) < n + 1 by [I2j Theorem 0.2]. □ 

Next we show that Conjecture 17.21 holds for n = 2. 

Theorem 7.4. Let A be an n-representation infinite algebra for n > 2. Then repdim A > 4. 

Proof. By Corollary 14.101 the subcategory of n-preprojective modules in mod A containes 
infinitely many indecomposable objects, and moreover satisfies Ext A (^, = for any i € 
{1, ... ,n - 1}, in particular Ext A (^>, &>)=Q since we assumed n > 2. 

On the other hand, it has been shown in [l2l Theorem 5.5.1(1)] that for algebras of representation 
dimension at most 3 there does not exist an infinite set {Xi}i e j of indecomposable modules such 
that Ext (Xi,Xj) = \/i,j G /. Combining these two results we see that an n-representation 
infinite algebra has representation dimension at least four. □ 

In the rest of this section, we study the representation dimension of n-representation tame 
algebras. More precisely we show the following. 

Theorem 7.5. Let A be an n-representation tame algebra over a perfect field K . Then repdim A > 
n + 2. 

The dimension of a triangulated category, introduced in |Ro) . and certain generalizations in- 
troduced in [O] have proved to be useful for studying representation dimension. Let us recall the 
definition. 

Definition 7.6. [Rol [O] Let & be a triangulated category. For T 6 we put 
(T)i := add{T[i] | i e Z}, 
(T) i+ i := add{AT £ ,<7 \3Y X -> Z -> Y[l] with Y e (T)i, Z e (T) e }. 
The dimension of 3~ is defined by 

dim & := inf{i | 3T E ST with (T) e+1 = 
More generally, for a subcategory 5^ C the dimension of 5^ is defined by 

dim^y := inf{i 3T G ^ with (T)^ +x D ^}. 
Using this notion, we obtain the following refinements of our Conjecture 17.21 

Conjecture 7.7. Let A be an n-representation infinite algebra. Then 

(1) The dimension of the category Si of n-regular modules is dim D b( moc j ^) M = n. 

(2) The dimension of the module category is dim D b( mod A ) mod A = n. 

(3) The dimension of the derived category is dimD b (mod A) = n. 

Remark 7.8. • We have 

dim D b( mod A ) & < dim D b( modA ) mod A < dim D b (mod A) < gl.dim A = n, 

where the last inequality is |KK1 Corollary 3.6]. Thus we get the implication (1) =^ 
(2) (3) in Conjecture E3 
• Clearly Conjecture 17.7( 1) implies the existence of non-zero n-regular modules, that is a 
positive answer to Conjecture 16.91 
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• By [O] we have repdimA > dim D b( mod A ) mod A + 2. Thus Conjecture I7.7f 2) implies Con- 
jecture EH 

We will prove now that Conjecture E7fl) holds for n-representation tame algebras. Thus, by the 
above remark, all parts of Conjecture 17.71 as well as Conjecture 17.21 hold for this class of algebras. 

Theorem 7.9. Let A be an n-representation tame algebra. Then dim D b( moc | a) 3% = n. In particular 
repdim A > n + 2 . 

By Remark 17.81 we already know that dim D b( moc | a) Si < n, thus it remains to show that 
dim D b( mod m ^ > n. We use Minamoto's derived equivalence D b (modA) « D b (qgrII) (see Sec- 
tion [5]), which induces an equivalence S% k, qgr II by Theorem 16. 51 Thus Theorem [TjH follows from 
the following. 

Proposition 7.10. Let A be an n-representation tame algebra and II the preprojective algebra of 
A. Then dim D b( qgrn ) qgr II > n. 

Our strategy of the proof is mostly parallel to |KK] , the difference is that II is non-commutative 
here, so we need to be careful about the interplay of II and its center Z. 

Proof. First observe that, since the center Z of II is a finitely generated K- algebra algebra by 
Proposition 16.141 we can use Noether normalization to find a graded polynomial subring R of Z 
such that II is a Noetherian i?-algebra. 

Let T be any object in D b (qgr II) . Restriction to the (commutative) scheme Proj R gives an 
object T|p ro j/j G D b (coh Proj R). Since R is regular, it is not difficult to see f |KK[ 4.1]) that there 
is an open subset U C Proj R such that 

{T\p Ioi R)(p) £ for any pet/. (7.1) 

Take any p 6 U H MaxProj R and non-zero X € qgr p II. Then X^ is a non-zero finite dimensional 
II(p)-module. By the Auslander-Buchsbaum formula, 

proj.dim fl(|j) X (p) = dimi? (p) > n, 

where the last inequality follows from Corollary 16 . 13f a) and Lemma r6.15f a). 

An easy application of the Ghost Lemma, see for instance |KK[ 2.4], shows that this implies 
that AT( p )|fl (|j) ^ (-R(t>)) • It follows from (|7.1I) that also 

X (T) n 

Otherwise we obtain a contradiction by localizing at (p) and restricting to -R(p). 
Thus we have shown that 

dim D b (qgrn) qgr o n > n. □ 
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